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Equidistribution of divergent orbits and continued fraction
expansion of rationals

Ofir David and Uri Shapira

ABSTRACT

We establish an equidistribution result for pushforwards of certain locally finite algebraic
measures in the adelic extension of the space of lattices in the plane. As an application of
our analysis, we obtain new results regarding the asymptotic normality of the continued fraction
expansions of most rationals with a high denominator as well as an estimate on the length of
their continued fraction expansions.

By similar methods, we also establish a complementary result to Zaremba’s conjecture.
Namely, we show that given a bound M, for any large ¢, the number of rationals p/q € [0, l]l for
which the coefficients of the continued fraction expansion of p/q are bounded by M is o(q~~¢)
for some € > 0, which depends on M.

1. Introduction

1.1. Continued fraction expansion of rationals

We begin by describing the main application of our results. Let T : (0,1] — [0, 1] denote the
Gauss map T'(s) := {s7'} :=s7' — [s7]. Let vGauss = (1 + s)In2)"'ds denote the Gauss—
Kuzmin measure on [0,1]. A number s € (0, 1] is rational if and only if 7%(s) = 0 for some i (in
which case T%*!(s) is not defined). In this case, we denote this i by len(s) which is the length
of the (finite) continued fraction expansion (c.f.e.) of s. We also set

1 len(s)—1
Vs =

~ len(s) Z O7i(s):

1=0

Throughout we abuse notation and denote
(Z/qZ)* ={1 <p<q:ged(p,q) =1}.

(Wl

THEOREM 1.1. There exist sets W, C (Z/qZ)* with lim, 700

choice of p, € W,, we have that

=1, such that for any

(1) % — 121((22)) where ( is the Riemann zeta function.

(2> qu/q W—> VGauss-

REMARK 1.2. Let w be a finite word on N. It is well known, and indeed follows from the
ergodicity of T with respect to vaauss, that for Lebesgue almost any x, the asymptotic frequency
of appearances of w in the c.f.e. of x equals

VGauss (W) A s ({y €10,1] : the c.f.e. of y starts with w}). (1.1)
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Let us denote by v,,,(w) the frequency of the word w in the c.f.e. of p/q; that is, the number
of appearances of w in the c.f.e. of p/q divided by len(p/q). Then, it is easy to see that since
the endpoints of the interval given by the set in (1.1) have zero vgauss measure, then the weak*
convergence in part (2) of Theorem 1.1 implies that for any finite word w over N, we have that
qu/q(w) — VGauss(W).

An obvious corollary of Theorem 1.1 (together with the fact that len(p/q) < 2logy(q)) is
obtained by averaging over p € (Z/qZ)* as follows.
COROLLARY 1.3. (1) Let v, = ¢(q)~! > pe(z/qz)* Vo/q- Then v, N s
_ -~ Ten. n
(2) Let len(q) = o(q)~ ! > pe(z)qz)< len(p/q). Then 21r(£1) — %

This corollary was first obtain by Heilbronn [8] who also computed an error term, which
was later improved by Ustinov [15]. The upgrade from Corollary 1.3 to Theorem 1.1 is
almost automatic when the discussion is lifted to the space of lattices as can be seen in
§2.4. It seems not to be available when the discussion stays in the classical realm of the
Gauss map. Running over all 1 < p < ¢ and not just (p,q) = 1, Bykovskii [2] showed that

21n(2
LY 1(len(2) - 222 Ing)? < Ing.
We also note that averaged versions of Theorem 1.1 with an extra average over g were

obtained by Dixon [3] who showed that for any € > 0, there exists ¢ > 0 such that

} < z?exp <fcln€/2 (:E)) ,

which was later improved by Hensley in [9]. See also [1] and [16] for construction of normal
numbers with respect to c.f.e. using rational numbers.

1<p<qg<u,

m

#{(p,Q):

len(p/q) In 1 -1+
zhﬁzl)l — 55| <z(ng) 2

1.2. Contrast to Zaremba’s conjecture

Recall that Zaremba’s conjecture [18] asserts that there exists M > 0 such that for all g,
there exists p € (Z/qZ)* such that all the coefficients in the c.f.e. of p/q are bounded by M.
Theorem 1.1 may be interpreted as saying that Zaremba is looking for a needle in a haystack.
In fact, while Theorem 1.1 asserts that the set of p/q which are good for Zaremba is of size
o(q), the following strengthening says that it is actually o(q'~¢).

THEOREM 1.4. For each M, there exists € > 0 such that

# {p € (Z/qZ)™ : the coefficients of the c.f.e. of p/q are bounded by M} =o(q' ™).

As noted to us by Moshchevitin, in [10], a stronger statement is achieved where € is given
explicitly.

1.3. Divergent geodesics

Let G = PGL2(R), I' = PGL2(Z) and X5 = I'\G. The space X, is naturally identified with
the space of homothety classes of lattices in the plane where the coset I'g corresponds to the
(homothety class of the) lattice Z?g. We shall refer to Z? as the standard lattice and denote
its class in X5 by xo. We let G and its subgroups act on X5 from the right and usually abuse
notation and write elements of G as matrices. Consider the subgroups of G,

A= {a(t) = (6_(;/2 622> ‘te R}; U= {u = ((1) i) te R}. (1.2)
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Theorem 1.1 is a consequence of a certain equidistribution theorem regarding collections of
divergent orbits of the diagonal group which we now wish to discuss. It is not hard to see that
if s = p/q is a rational in reduced form, then the A-orbit zousA is divergent; that is, the map
t — xousa(t) is a proper embedding of R in X5. In fact, for ¢ < 0, this lattice contains the
vector €/2(0,1) which is of length e*/? — 0 as t — —oo and for ¢ > 0, the lattice contains the
vector (g, —p)usa(t) = (ge~*/2,0) which is of length < 1 when ¢ > 2Ilng and goes to zero as
t — 0o. So, the interesting life span of the orbit zgusA is the interval {zousa(t) : t € [0,21nq]}.
We therefore define for p € (Z/qZ)*

slozma _ 1 QIDq& dt (1.3)
ToUp/q _21nq 0 :Jcoup/qa(t) 5 .

which means that for a bounded continuous function on X5 we have

1 2Ing
s5l0.2Inq] ,_
[ it = | s ey
Finally, let p 44, denote the unique G-invariant probability measure on X5. The tight relation
between the A-action on X5 and continued fractions is well understood. Indeed, we deduce
Theorem 1.1 from results in the space X5 which we now describe.

THEOREM 1.5. As q¢ — oo, we have that

1 *
S gz 2
SD(q) 6m0up/q HHaar-
pE(Z/qZ)*

COROLLARY 1.6. There exist sets W, C (Z/qZ)X with limqﬁoo| sl — 1, such that for any

»(q)
choice of p, € W,, we have that 6,%5515‘1)} —> W Haar-

As mentioned before, although it seems stronger, Corollary 1.6 follows from Theorem 1.5
using only the fact that pgqq, is A-ergodic. See § 2.4 for details.

We will prove Theorem 1.5 as a consequence of the following more general equidistribution
result. We say that a sequence of probability measures 7, does not exhibit escape of mass if
any weak™ accumulation point of it is a probability measure.

THEOREM 1.7. Let A, C (Z/qZ)* be subsets such that
(i) lim 28 —

Ing

5[() 21Ingq]

ped, Oxou,,, does not exhibit escape of mass.

(ii) the sequence of measures A Al i >
q
1 [0,2In¢]
Then Aql ZPEA 59”0“p/q _> HHaar-

REMARK 1.8. Note that in Theorem 1.5, we have that |A4| = ¢©(q) is the Euler’s totient

Inp(q)
In

function and it is well known that lim =1, which is condition (i) above (indeed, this

claim follows from the multiplicative nature of the totient function). Thus, in order to deduce
Theorem 1.5 from Theorem 1.7, we only need to show that there is no escape of mass.

1.4. A more conceptual viewpoint

Let X,, = PGL,(Z)\ PGL,(R) be identified with the space of homothety classes of lattices in
R™ and let A < PGL,,(R) denote the connected component of the identity of the full diagonal
group. It is well known (see [14]) that an orbit zA is divergent (that is, the map a — za from
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A to X, is proper), if and only if it contains a homothety class of an integral lattice. It is
not hard to show that in this case, there is a unique such integral lattice which minimizes the
covolume. Indeed, if A is an integral lattice and m;(A) is its projection onto the ith coordinate,
then it must be k;Z for some k; € N. The covolume is minimized exactly when we move along
the A-orbit to a lattice where k; = 1 for all . We refer to the square of this covolume as the
discriminant of the divergent orbit. Let #,(n) be the finite collection of sublattices of Z™ of
covolume ¢ having the property that m;(A) =Z for i = 1,...,n. We leave it as an exercise to
show that the collection of divergent orbits of discriminant ¢* is exactly {zA:z € H,(n)}.
By abuse of notation, we also think about #,(n) as a subset of X,,. In dimension 2, we have
Hq(2) ={Z*(; ¥):p < (Z/qZ)*}. Note that the collection of orbits {zou,,,A : p € (Z/qZ)*}
in X, is the same as {zA : x € Hy(2)}.

In Theorem 1.5, we truncated the divergent orbits {x A : x € H,(2)}, since we wanted to use
the weak® topology which is defined on the space of finite measures on X5. It is conceptually
better to present a certain topology on the space of locally finite measures which will allow
Theorem 1.5 to be restated and conveniently generalized to a convergence statement involving
the natural locally finite A-invariant measures supported on the collection of divergent orbits
{xA:z € My(2)}. To this end, let us denote by p, 4 the measure on X, obtained by pushing a
fixed choice of Haar measure on A via the map a — za (where zA is divergent and hence the
map is proper so that the pushed measure is indeed locally finite). In dimension 2, we identify
A ~ R by t — a(t) and choose the standard Lebesgue measure coming from this identification.

Let Z be a locally compact second countable Hausdorff space and let M(Z) denote the
space of locally finite-positive Borel measures on Z and let PM(Z) denote the space of
homothety classes of such (non-zero) measures. For p € M(Z), we let [u] denote its class.
It is straightforward to define a topology on PM(Z) such that the following are equivalents
for [pn], (1] € PM(Z) (see [13]).

(1) Timfun] = [1].
(2) There exist constants ¢,, such that for any compact set K C Z, ¢, fin|x — | (which
means that for every f € C.(2), ¢, [ fdun, — [ fdu).

(3) For every f,g € C.(Z) for which [ gdu # 0, lim, '}chgﬁ" — \}chgﬁ (and in particular,

[ gdp, # 0 for all large enough n).

It is straightforward to see that if ¢,, ¢/, are sequences of scalars such that ¢, p,, and ¢, p,, both
converge to u in the sense of ((2)), then ¢, /¢, — 1.
We propose the following.

CONJECTURE 1.9. For any dimension n, as ¢ — oo, the homothety class of the locally
finite measure erﬂq (n) HaA cONVerges in the above topology to the homothety class of the

PGL, (R)-invariant measure on X,.
THEOREM 1.10. Conjecture 1.9 holds for n = 2.

We will see in Lemma 3.10 that Theorem 1.10 follows from (and is, in fact, equivalent to)
Theorem 1.5.

1.5. Adelic orbits

We now concentrate on the 2-dimensional case. Yet, another conceptual view point that we
wish to present and which puts the statement of Theorem 1.10 in a natural perspective is as
follows. Let A denote the ring of adeles over Q and consider the space X = I')\Ga (where
Ga = PGLy(A) and T'y = PGL2(Q)). Let Ay < Ga denote the subgroup of diagonal matrices.



EQUIDISTRIBUTION OF DIVERGENT ORBITS AND CONTINUED FRACTION 153

Note that the orbit £g Ay is a closed orbit (where Zg denotes the identity coset I' ). In particular,
fixing once and for all a Haar measure on Ay, we obtain a Haar measure on the quotient
staby4, (Z9)\Aa and by pushing the latter into X, via the proper embedding induced by the
map a — Toa, we obtain an A-invariant locally finite measure pz,4, supported on the closed
orbit ZgAa. Theorem 1.10 (and hence Theorem 1.5) is implied (and, in fact, equivalent as will
be seen by the proof) to the following.

THEOREM 1.11. For any sequences g; € G such that (i) the real component of g; is trivial,
(ii) the projection of g; to G /A, is unbounded, the sequence of homothety classes of the locally
finite measures (g; )z, 4, converges in the topology introduced above to the homothety class
of the G y-Iinvariant measure on X.

In fact, we propose the following.

CONJECTURE 1.12. In the statement of Theorem 1.11, one can omit requirement (i) from
the sequence g;.

The main result in [11] can be interpreted as saying that if g; € PGL2(R) is unbounded
modulo the diagonal group A, then the homothety class of (g;)«fz,4 converges in the topology
introduced above to the homothety class of @gqqr- It seems plausible (although not immediate
as far as we can see) that a proof of Conjecture 1.12 might be obtained by combining the
techniques of [11] and ours.

1.6. Structure of the paper and outline of the proofs

In §2, we prove Theorem 1.7. We show that any weak* accumulation point of the sequence
of measures appearing in the statement (which is automatically A-invariant) has the same
entropy with respect to say, a(1), as the measure pgaqr. Since pgqq- is the unique measure
with maximal entropy, this establishes that 744 is the only possible weak™ accumulation
point of the above sequence and finishes the proof. We then deduce Theorem 1.5 by verifying
that the two conditions for applying Theorem 1.7 hold for A, = (Z/qZ)*. Here, the non-trivial
part is to show that in this case, there is no escape of mass.

In §3, we prove that Theorems 1.5, 1.10 and 1.11 are equivalent. In §4, we review the
relation between the A action on X5 and the Gauss map and isolate the necessary technical
statements which will allow us to deduce Theorem 1.1 from Theorem 1.5. We end § 4 by proving
Theorem 1.4 the proof of which follows along similar lines as the proof of Theorem 1.1.

2. Proof of the main theorem

In this section, we prove Theorem 1.7 and deduce Theorems 1.5. We start with some notation
and definitions, and then, in § 2.1, make a minor reduction to replace the measures that appear
in the statement of Theorem 1.7 with a discrete version of themselves which is better suited
for the entropy argument. In §2.2, we state the main tool we use in the proof (uniqueness
of measure with maximal entropy) and establish maximal entropy of the appropriate weak*
limits which finishes the proof of Theorem 1.7. In § 2.3, we verify that the measures appearing
in the statement of Theorem 1.5 satisfy the conditions in Theorem 1.7 and by that conclude
the proof of Theorem 1.5. Finally, in §2.4, we use the ergodicity of the Haar measure in order
to upgrade the averaged result from Theorem 1.5 to Corollary 1.6.

In this section, we set G = SLa(R), T' = SLa(Z) and are interested in equidistribution in the
space X = Xy =T'\G = PGL2(Z)\ PGL2(R). The group G then acts naturally on X and on
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the space of functions on X. We denote the positive diagonal and upper unipotent subgroups
of SLo(R) by A, U, respectively, as in (1.2).
As mentioned in § 1.3, we will work with measures on partial A-orbit defined as follows.

DEFINITION 2.1. (i) For a finite set A C X, we write dp = ﬁ > wen 0z We will sometimes

write d,/, instead of ..., , and given a set A, C (Z/qZ)*, we will identify it with the set
{xoup/q ipE Aq} C X, and simply write dz,,.

(ii) Given a measure u, a segment [a,b] C R and an integer k € Z, we define the aver-
ages plot = if; a(—t)pdt and pb =1 gil a(—j)p. Note that with these definitions

T b—a
k= L5 E 16,00 and similarly, 55" = - (76, dt.

2.1. A reduction

The following statement is very similar to that of Theorem 1.7. The only difference is that the
continuous interval [0,21n¢] is replaced by the discrete first half of it Z N [0, In g].

THEOREM 2.2. Let A, C (Z/qZ)* be subsets such that

(i) lim 28 —

Ing
(ii) the sequence of measures (5}\1: ) does not exhibit escape of mass (that is, any weak™ limit
of it is a probability measure).

Then 6}\1: al W—*> WHaar-

For entropy considerations, it will be more convenient to work with powers of a single
transformation rather than with the continuous group A. As will be seen shortly, replacing
[0,21n g] by its first half will also be more convenient. Thus, our plan is to establish Theorem 2.2
but first we deduce Theorem 1.7 from it.

Proof of Theorem 1.7 (given Theorem 2.2). Assume that A, satisfies assumptions (i) and (ii)
of Theorem 1.7. Let 7 : X — X be the automorphism taking a lattice to its dual and recall that
if v = I'g, then 7(z) = I'(g~')"", where tr means the transpose, and hence 7(za(t)) = 7(x)a(—t)
for all t € R. Let us also denote p — p’ the map from (Z/qZ)* — (Z/qZ)* for which pp’ = —1
modulo g. We claim that

g = 7 gl (2.1)
To show (2.1), we first observe the following: Fix p € (Z/qZ)* and let ¢’ € Z be such that
(—p)p’ + q¢’ = 1. We then have

_pf(Y pla\(at O\ _p(a"t p
xoup/qa(anq)F<0 1><0 ¢ =T 0 g

—1
¢ -p\(a P L 0
-t (—p’ Q’> < 0 q> -t (—p’/q 1> = 7wty a)

It now follows that for all ¢, zou, /,a(2Inq —t) = 7(xou, /4a(t)), and hence (2.1) follows. We

conclude from (2.1) that
0,21n 1 0,In 1
sl : a _ sl : q]

5 T*af;“ 4, (2.2)
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Since § 0q2 4 Joes not exhibit escape of mass, the same is true for the sequence (5 10,1 q] (as
well as 5 94y “Since
n IHQJ [ Un 1 Ing]\ ([ling.ng
somal _ L al y (1 sllinaling 2.3
Aq lnq + Ingq Aq ’ (2:3)
and Liz f’J — 1, we conclude that the sequence 61[?; 9]l 4oes not exhibit escape of mass. Finally,

since
1
ot = [ aay.aar 2.4
0

we conclude that d5 1"9) does not exhibit escape of mass. We therefore obtain A, satisfy

conditions (i) and (11) from Theorem 2 2 and since we assume the validity of this theorem

at this point, we conclude that &5 Un al

[0,[Inq]]

LA L aar- SINCe [Lqqr 18 a(t)-invariant, equation (2.4)

6[0,111 ql w”

implies 5 — KHaar-

RN UHaar- In turn, by (2.3), we get that

[0 lnq]

A s1m1lar application of Theorem 2.2 for A results in the conclusion that 6 —> WHaar

and since figqq, 18 7-invariant, we obtain from (2.2) that 51[8;2111 al —> Wi aar aS clairned. O

2.2. Maximal entropy

We briefly recall the notion of entropy mainly to set the notation. The reader is referred to any
standard textbook on the subject for a more thorough account. See, for example, [6, 17]. Recall
that given a measurable space (Y, B), a finite measurable partition P of ¥ and a probability
measure g on Y, we define the entropy of p with respect to P to be

H,(P)=— Y w(P)n(u(P)).
P;eP

We refer to the sets composing the partition P as the atoms of P. Given a pu-preserving
transformation T': Y — Y, we define

Vk<(lEZ, Py

-1
\/ TP,
i=k

1 )
h, (T,P) = lim H (Py) = lim>i{1f EH” (Py),

n—oomn

h, (T)= sup h,(T,P).
|P|<oo

The following characterization of pf4q, in terms of maximal entropy is the main tool we use
in the proof of Theorem 2.2, where the map T : X — X is defined by

T(2) = 2a(l) = o <e_;/2 632> .

THEOREM 2.3 (see [4, 5]). Let u be a T-invariant probability measure on X. Then
hu(T) < hyy,,.. (T) =1, and there is an equality if and only if p = pipraar-

In what follows all partitions of X are implicitly assumed to be finite and measurable.

Suppose 5}\1: al ¥, py, Ay € (Z/qZ)* for some sequence ¢ — oo and let P be any partition of
X such that the boundaries of the atoms of P have zero u-measure. This condition implies
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H,(Pg") = limy o Hyina) (Pg"). Our goal in the end is to show that the entropy h,(T,P) is
Aq

big for a well-chosen partition P, or equivalently that %H u(P") is big when m — oo which is

translated to a suitable condition on the entropy of 5}\1; al,

Recall that for a finite set A C I'\G, the measure 8% is the average of the measures 6, x € A,
and each of these measures is an average along the T-orbit. Switching the orders of these
averages, we get that

kl 1k 1k71 )

zEA =0

The concavity of the entropy function implies that 6% has large entropy if most of the entropies
of T(6,) are large, and these are all pushforwards of the same measure §5. With this idea in
mind, we have the following result the proof of which is inspired by the proof of the variational
principle in [6].

LEMMA 2.4. LetY be any measurable space, let S:Y — Y be some measurab]e function,
P a partition of Y and p a probability measure on Y. We denote by p* =z E S*u. Then

(1) if p= le a;pt; is a convex combination of probability measures p;, then H,(P) >

S aiH,, (P);

(2) for every n,m € N, we have that

1 1 m
—Hyun (P") 2 —Hy (Py) — —n|P|.

3

Proof. (1) Since the function a :  — —z In(x) is concave in [0, 1], we obtain that

1P =Y aGP) =Y a @yw )

PeP PeP
k k

> ai Yy a(p(P) =Y aH, (P).
1 PeP 1

(2) Write n=km+r < m(k+ 1) where 0 <r < m. Using subadditivity we get that for
0<u<m—1, we have

H, (Py) < H, (Py™")
u—1 4 k—1 dm+m—1
S IACEC RS S FCREEC R SR AT
i—0 v=0 i=dm+u
k—1
< mlog|P| + Z Hgvm+u, (Pg")-
v=0

Summing over 0 < u < m — 1, we get that

—1k—

H, (P§) —m*m[P| < Y
u=0

km—1

k—1
ZH(S“""‘*'“'M)(P(?’L) < Z H(S7u)(7)6n)
v=0 Jj=0

|
-

n

< H(Sju) (,P(T)n) < nHlt" (ng)’n) )

<
Il
=)



EQUIDISTRIBUTION OF DIVERGENT ORBITS AND CONTINUED FRACTION 157

where in the last step we used part (1). It then follows that L H,.(Py") > 1H,(Py) -
m [P, O

COROLLARY 2.5. Suppose Ay C (Z/qZ)* and 5““ al ¥, u along some sequence of positive
integers q for a measure p on X. Then, if P is a partmon whose atoms have boundary of zero

p-measure, then h, (T, P) > lim supq_,ooﬁH((;A (PUH (”)

Proof. Follows from Lemma 2.4 and since In|P| — 0 as ¢ = oo. O

[In rJJ

By the corollary above, we are left with the problem of showing that
lim sup, oo 157 a] Hy,) (PUI””) is big. Suppose that we can show that for every S € P™%,
|S N Ag| <7 orin other words d,,(S) <

i 1\7q| This would imply

1 LlHQJ 1
Po 1
[ng) ! sl lnq XU:M BTN )
Sepy !
1 Al In|A| Inr
> Oa, (S)In —L = 1 _ ) 2.5
[lng] SG;M AR =T T T (2:5)

In |Aq| _ Inr

If |A4| is big enough and r is small enough; that is, M g] g — 1, then we get the lower
bound that we wish to establish. We will follow this line of argument with a certain complication
that arises. The bound r will basically come from the fact that the diameter of .S is small and
the points of A, are well separated, but, in fact, one cannot control uniformly the diameter of

the atoms of ’POLln 9 Lemma 2.9 below shows that one can find a partition for which one can
do so for most atoms. Before stating Lemma 2.9, we introduce some terminology.

Recall that X is naturally identified with the space of unimodular lattices in the plane. For
a lattice x € X, we define the height of x to be

ht(z) = max {|[v|| " : 0 # v € z},

and set XSM ={re X:ht(z) < M} which is compact (similarly, we define
X<M x>M Xx>M) Under this notation, X = [J;° XM is o-compact.

DEFINITION 2.6.  For H < SLy(R), define B ={I+W e H:||[W||ew<7}. In
particular, for Ut,U~A < SLy(R), we have BU = {I+tEi5:|t|<r} and BY 4=
{I+W e SLy(R) : Wi 2 =0, |W; ;| <r}. We also write B, xy = BUU: NBg_A, B, = B, .

DEFINITION 2.7. A (finite measurable) partition P of X is called an (M, n) partition if P =
{Py,Py,...,P,} where Py = X>™ and P, C 2;B,, x; € X for 1 <i < n. If y is a probability
measure on X, then P is called an (M,n, ) partition if in addition u(0P;) = 0 for all i.

REMARK 2.8. Given a measure u, one can construct (M, n, u)-partitions for arbitrary large
M and arbitrary small 5 in abundance. To see this, we note that p(0X>M) =0 outside a
countable set of numbers M and after defining Py = XM one defines the atoms P; by a
disjointification procedure starting with a finite cover of the compact set X<™ by balls of
arbitrarily small radius having g-null boundary. The point here being is that for a given center
x, outside a countable set or radii u(dxB,) = 0.
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Lemma 2.9 is a slight adaptation of Lemma 4.5 from [5]. For convenience, we added the full
proof in the Appendix (see also Remark A.3).

LEMMA 2.9 (Existence of good partitions [5]). For any M > 1, there exists some 0 < 1o (M)
such that for any 0 < n < no(M) and an (M, 5n) partition P of X, the following holds: For
any x € (0,1) and any N > 0, there exists some X' C XSM such that

(1) X' is a union of Sy,...,S € PY.

(2) Each such S; is contained in a union of at most C*" many balls of the form zB, n with
z € S; for some absolute constant C.

(3) u(X') =1 —pu(X>M) - pyN(X>M)k~! for any probability measure 1 on X (where pv =

N—1
% Zn:O T* /.t)

Lemma 2.9 gives us the tool to produce partitions whose entropies could be controlled in
the proof of Theorem 2.2. The last bit of information we need before turning to the proof of
Theorem 2.2 is the following separation lemma.

LEMMA 2.10 (Good Separation). Let pi,p2 € (Z/qZ)*. If Tuy, /g, Uy, /q € 2By |1ngq), for
some 1 < T%O’ then p1 = ps.

Proof. Given the assumption, there exist some by, bs € B, |1n(q)| such that T'u,, ,, = 2b;,
= b, 'by for some v = (“ ") € SLy(Z). Applying Lemma A.1, this is

c

and hence u_,, /YUy, /q
contained in By, |1n(q)|- On the other hand, this expression equals to

D1 b1 D2 D1
1 _& a b 1 pr O/—?C b—qd+q<a—qc)
all. 4 q | = . (2.6)
0 1 0 1 c d—+ %c

We conclude that ¢, the bottom left coordinate, is at most 10n < 1 in absolute value, so that
¢ = 0. It then follows similarly that a = d = 1. We are then left with the top right coordinate
which is b + 22=2L which need to be at most (1 + 10n)10ne~ ") < % in absolute value, so we
must have that p; = ps and we are done. O

Finally, after collecting all the above information, we are in a position to prove Theorem 2.2
(and by that complete also the proof of Theorem 1.7).

Proof of Theorem 2.2. 1t is enough to show that pir.q, is the only accumulation point of
5}\1: 9 Let 1 be such an accumulation point, which is necessarily T-invariant and by assumption

(ii) is a probability measure, and restrict attention to a sequence of positive integers ¢ for

which (5}\1: a >, p. We shall show that h,(T") = 1 and therefore by Theorem 2.3 conclude that
= Wiaqr as desired.

By Corollary 2.5, for a partition P whose atoms have boundary of zero p-measure, we have
that

1
h,(T,P) > limsup ——
/( ) q Uan

Let P be an (M,n,u)-partition (see Definition 2.7 and Remark 2.8). Fix x>0 and
N = |In(q)] and let X’ be as in Lemma 2.9. If P € P4 is such that P C X', then Lemma 2.9
implies that it can be covered by C*!'" 4 sets which by Lemma 2.10 contain at most one element

Hs,, (P ). (2.7)
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from A, each. This translates to the bound d,,(P) < |A1 C" (@) and therefore,
1 LIn qj
I_ln J (6Aq (P( > I_lnq P;(/ 51\ P)ln 51\ (P))
6A ( C»@l_lnq )
o) PIRNGE rw
1 /
= mé,\q (X") (In]Aq] — k |Ing| In(C))
gl y2my, —1Y) (121Aq]
> (1- 2 —al . .
> (1 s (XZM)k )< o~ AlnC (2.8)

In |Ag]

Given € > 0, using assumptions (i) and (ii), namely, lim =5

=1 and limy/— o0 limg_oo X
5“11 al (XZM) = 0, we see that we can choose M to be big enough and & to be small enough so

that for all large enough ¢ the expression on the right in (2.8) is > (1 — €)(1 — €). We conclude
from (2.7) that h,(T") = supp h,(T,P) > 1 which concludes the proof. O

2.3. No escape of mass

Our goal in this section is to prove Theorem 1.5 by showing that the sets A, = (Z/qZ)* satisfy
the conditions (i) and (ii) of Theorem 1.7. Throughout this section, we set A, =(Z/qZ)* and
Hq = 5Aq-

We begin with verifying that condition (i) holds which is the content of the following lemma.

LEMMA 2.11. As ¢ — oo, lnlfgq) .

Proof. Fix g and let p;,i = 1,...w(q) be its prime divisors. Since

w(q)
9 =q[J-p"), (2.9)
i=1
we have that
w(q) w(q)
In p(q 1nq+Zln1— 1nq+Zln (1/2) =lng — w(q) In2.

=1
We conclude that

oDy, el
Inq Inq

and since it was shown by Robin in [12] that w(q) = O(lﬁfq) we conclude that lngp( ) 51 as

desired. 0

Showing that condition (ii) is satisfied for A, is the content of Lemma 2.14 below. We proceed
toward its proof by establishing several lemmas. The following simple lemma basically says that
A, is equidistributed on the circle.

LEMMA 2.12. Let g be some integer and 0 < a < 1. Then,

#{1<t<aqite@/qn)" } - ap(q) <29,

where w(q) is the number of distinct prime factors of q.
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Proof. Let p be a prime that divides ¢ and set U, = {1 < ¢ < aq : p[{}. We want to find
lag| — | Up, Up,| where p; are the distinct primes that divide g.
Using inclusion exclusion, we get that

lag] =1 Uy Uyl = Lag) =Y 1Up, |+ D |Up 0 Up, |+ + (1)@ 1 Uy, |

7 i<J

~loa) -3 2| 3 [ 2L | o | 2L

pi] = Lpip) [Lip:

On the other hand, using (2.9), we have that

—aqu—— _aq_ziJrZ Wy (e 2

i< psz Hi Di

so that

w(q)
fagta)  (laa) ~ [0, Tl < 3 (“47) =220 )

k=0

The following lemma is the heart of the argument yielding the validity of condition (ii) and,
in fact, establishes a much stronger non-escape of mass than the one we need, namely it shows
that there is no escape of mass for any sequence of measures of the form a(—tq)«p, Wwhere
g — oo and t, is allowed to vary almost without constraint in the interval [0,In ¢]; namely it is
allowed to vary in [0,1nq — 2w(q)].

LEMMA 2.13 (No escape of mass). Fixsomeq €N, M >1and 0 <t <Ing—2w(q). Then

4

{p € (Z/qZ)* : Tuy)4a(t) € XZM}| < z? (q)-

Equivalently, a(—t).pq(X>M) < 135.

Proof. We say that p is bad if T'u, 4a(t) € X7™. Thus, p is bad if and only if there exists

a vector
1 2\ [et/2 0 .
— q — —t/2 t/2
v (m, n, 1) <m,n>(0 1)( . /) (me (n+mq) )

such that

2
1
||UP (m7n7 t) ||2 =m’e”" + (n + m];) e < Wa (m7n) 7é (070) :
In particular, this implies (n + m%)zet < 577 and m < . We may also assume m > 0 and,

in fact, m # 0, since otherwise (n + mg)ge = n2et > n? 2 1> M2 using the assumptlon that

et/2M ‘We
ot/2

will bound the number of bad integers p by bounding the number of bad p for each m € [1, 5]
Given such m and bad p, we can find n such that |n+mk|< —757 Or equivalently
Ing +mp| < —7&5;. Letting d,,, = ged(g, m) and writing ¢ = ¢d,,, m = md,, we get that

t > 0. Let us say that p is bad for m € [1, eM | if there exists n such that |n +m?Z| <

(2.10)

- . q
|qn + mp| < RN



EQUIDISTRIBUTION OF DIVERGENT ORBITS AND CONTINUED FRACTION 161

We will bound the number of integers p solving (2.10) by considering its meaning in the
ring Z/GZ. Note that m < % < % so that ¢ = ﬁ > M,/q > 1. This allows us to con-
sider the group (Z/GZ)* and the natural surjective homomorphism w: (Z/qZ)* — (Z)4Z)*.
Furthermore, since m, p € (Z/GZ)* the meaning of the inequality (2.10) may be interpreted in
(Z/qZ)* . Namely, if we let Q = {[a] € (Z/GZ)* : |a| < —745;}, then the bad p for m are exactly
71 (m~1Q), hence there are at most || - |ker()| such p. Since r is surjective, we obtain that
[ker(7)| = ﬁgg; and by Lemma 2.12, we get that [Q] < 2(=74; () + 2°(D).

We claim that 2¢(9) < et/ilegp((j). Assuming this claim, the total number of bad integers

p (for a fixed m) is at most |Q|- |ker(m)| < ﬁgp(q). Since there are Le]tvfj such m, a
t/2
union bound shows that the number of bad p is at most e,4/%‘;M<,0(q)% = <=¢(q). Thus, to

complete the proof, we need only to show % < m

k, o(k) > k(3)“*®) and so we deduce that

From (2.9), it follows that for any

q

ow(7%) ow(7%) 4e(7%) o2( %) ot/2

o ()

< 2w L) “mg) 2t < -1
X €xp t"’ w di»m —1ng et/zM\et/QMa

where the last inequality follows from the fact that w(q) > w(7-), and our assumption that
t <Ing—2w(q) so that ¢ +2w(;L) —Ing < 0. O

We now conclude the validity of condition (ii) by averaging the result of Lemma 2.13 over
t € 1[0,Inq].

LEMMA 2.14. For any q > 1 and any M > 1, we have

, 4 1
[Ingq| X<I\r[ >1- [ — )
pg (X5 2 <M2+O<lnlnq>)

Proof. Using the previous lemma, we get that

[Ing]—1
, 1
[Inq]| X}]U — a(=k), XZ]\/[
w (XN = ; (=k)eptg(XZM)
[Inq]—2w(q)—1
1 w(g _ 4 | 2w(q)
< a(—k)spg(XZM) + < — + .
Mg 2 RS 3R g

Finally, it was shown by Robin in [12] that w(q) = O( Ing ), thus completing the proof. O

Inlng

Proof of Theorem 1.5. By Lemmas 2.11 and 2.14, the two conditions (i) and (ii) of
Theorem 1.7 are satisfied for A, = (Z/qZ)* yielding the result. O

2.4. Upgrading the main result

Theorem 1.5 tells us that the averages 5£?;2111(q)] where A, = (Z/qZ)* converge to the Haar
measure. The ergodicity of the Haar measure allows us to automatically upgrade this result to
subsets of (Z/qZ)* of positive proportion.
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THEOREM 2.15. Let 1 > o > 0 and choose W, C (Z/qZ)* such that |W,| > ay(q) for every

q. Then 5%)([)/7(12 Ing] L) HHaar-

[0, 21n(q’)] for some subsequence ¢; (which is

[ Wq,

necessarily A-invariant). Going down to a subsequence7 we may assume 5 — g > o > 0

Proof. Let p be an accumulation point of 6

and 5% 2\1%%) — u/ converge. We now have that

|W 5 [0,21n(q;)] i
W [0,21n(q)] = <Oy ‘ :
@ () M ¢ (¢:)

and taking the limit, we get that

[0,21n(g;)]
Seo i,

HHaar = Qoft + (1 - Oé()) /.L/.

This is a convex combination of A-invariant probability measures with positive «g. The
ergodicity of pipqqr implies that it is extreme point in the set of A-invariant probability
measures, hence we conclude that g = pgraqr. As this is true for any convergent subsequence

of 6‘[,(‘)}(12 n Q], we conclude that it must converge to the Haar measure. O

Once we have the convergence result for any positive proportion sets, we also automatically

get a second upgrade and show that almost all choices of sequence 6;9’/12_(%)] converge.

Proof of Corollary 1.6. Let F ={f1, f2,...} be a countable dense family of continuous
functions in C.(X3). For each n,q € N, define
)
< — .
n
Wynl _

We claim that limg_, o) =1 for any fixed n. Otherwise, we can find some 1 < i< n €
{£1} and « > 0 such that the set

((51[)0/’3 ()] _ /JHaar) (fz)

1<ign

Won = {p €(Z/qZ)™ : max

N 1
Vq = {p c (Z/QZ)X L€ (6;0/51 (q)] - MHaaT) (fz) 2 ’Il}

Vol <

satisfies 0 = > o for some subsequence ¢;. By Theorem 2.15, we obtain that 6[0 QIH((“)] AN
J

M Haar, While 6(65 ,21n(g;)]

— WHaar)(fi) = + for all j, contradiction (note that i,n are fixed).

We conclude that for any n, there exists g, such that for any g > ¢,, ‘V:("(’]’;" >1-—1/n.
Without loss of generality, we may assume that g, is strictly monotone. We then deﬁne for any
¢, ng = max{n : q > q,}. It then follows that W, := W, ,, satisfies that n, — oo and ( I 1

02 m(a)] v

as ¢ — oo. We are left to show AR W Haar for any choice of sequence p, € W,. By the

[0,21In(g
51) /q

in C.(X3), this claim holds for any f € C.(X3), or in other words, (5 [0 th( AN W Haar- O

definition of W,, for any fixed ¢, we have that ( fi) = tHaar(fi), and since F is dense

3. Equidistribution over the adeles

In this section, we prove Theorem 1.11 which is an enhancement of Theorem 1.5. We establish
this equidistribution statement in the adelic space X, := PGL2(Q)\ PGL2(A) which we refer
to as the adelic extension of Xy := X5.
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We shall start in Subsection 3.1 with some general results about locally finite measures and
their pushforwards. In particular, we shall prove a ‘compactness’ criterion that roughly states
that if the pushforward of a sequence of locally finite measures converges to a probability
measure, then it has a subsequence that converges to a probability measure.

In Subsection 3.2, we prove that if p is an A-invariant lift to X, of the Haar measure on Xg,
and satisfies an extra uniformity condition over the finite primes (see Theorem 3.7 for precise
definition), then it must be the Haar measure on Xy.

Finally, in Subsection 3.3, we show that the limit of translates of the orbit measure sz, 4,
satisfies these condition, thus proving Theorem 1.11.

3.1. Locally finite measures

In this section, all the spaces are locally compact second countable Hausdorff spaces. A measure
on a space Z is called locally finite if every point in Z has a neighborhood with finite measure.
Since Z is locally compact, this is equivalent to saying that every compact set has a finite
measure. We denote the space of locally finite measures by M(Z) and the space of homothety
classes of such (non-zero) measure by PM(Z). Recall that we say that [v;] — [v] for non-zero

measures v;, v € M(Z) if there exist scalars ¢; > 0 such that c;ju; | — v | for any compact
subset K C Z.

Given two spaces X,Y and a continuous proper map 7 : X — Y, we obtain a map M(X) —
M(Y) and its homothethy counterpart PM(X) — PM(Y), both of which we shall denote
by m.. We will be interested in lifting convergent sequences from PM(Y) to PM(X). The
next theorem is a type of compactness criterion which assures us that we can lift at least a
convergent subsequence. Moreover, if we can show that the limit measure on Y has a unique
preimage measure on X, then the convergence in Y will imply a convergence in X.

THEOREM 3.1. Let m:X —Y be a continuous proper map and let v; € M(X) and
U; = m(v;) € M(Y). If [5] — [P] for some probability measure o on Y, then [v;, ] — [v] for
some subsequence iy, and a probability measure v on X such that w.(v) = D.

Proof. Multiplying v; by suitable scalars, we may assume that 7; | KL*> U |k for every
compact K C Y. It then follows that v; x := v; |-1(x) are finite with uniform bound, since
vi k(X)) =1;(K) = 7(K) < 1. Choose a sequence of compact sets K; /Y such that any
compact K C Y is contained in some K; for some j, which implies the same conditions on
7' (K;). Applying the Banach-Alaoglu theorem, we can find a subsequence i such that
Vi, K, converges as k — oo for every j, which implies v;, — v for some v € M(X). It then
follows that 7. (v) = P, and hence v must be a probability measure. O

3.2. Lifts of the Haar measure

For the rest of this section, we fix the following notations. For a set S C [P, where P is the set
of primes in N, we write

Gs = PGLy(R) x [ s PGL2(Qy),
Is:=PGLy(Z[S7')), Z[S7'] =Z B S S] ;

where H; denotes the restricted product with respect to PGL2(Z,) (which is the standard
product if S is finite). Note that I's is embedded as a lattice in Gg via the diagonal map
v+ (7,7,...), and we shall denote Xg:=Tgs\Gs. In case that S=P or S =0, we will
sometimes use the subscript A (respectively, R) instead, and we remark that Z[P~!]:=Q
(respectively, Z[0~1] := Z). We denote by 115 raar the Haar probability measure on Xg.
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We will denote by Ag the full diagonal subgroup in Gg. Note that A is still reserved to the
diagonal group with positive entries, namely the matrices {(;t 7} considered as a subgroup

of PGLy(R), while Ag = {(*5" °)}. For a ring R (usually R,Z,Q, or Z,), we will write

Ur ={u,=(, }):r €R} considered as a subgroup in the suitable coordinate of G5 when
S contains the corresponding place.

When S C &', there is a natural projection Xg — Xg defined as follows. Let
Hg := PSLs (R) x Hpes PGL:(Z,) < Gg,

HY := PSLy (R) x [[ . PSLo(Z,) < Hg.

peES

Fixing S C P, it is not hard to show that Hg acts transitively on Xg by using the fact that
Q, =2, + Z[%], thus leading to the identification Xg 2 PSLy(Z)\ Hs. This induces the natural
projections

75+ Xg 2 PSLy (Z) \Hs: — PSLy (Z)\Hs & Xg VS C S CP.

For any S, we have a PSLy(R)-right action on Xg (and the induced A-action), which
commutes with the projections above. Moreover, these projections are easily seen to be proper
since the only non-compact part of Hg is SLa(R). Thus, we can apply the results from the
previous subsection.

The main goal of this section is to lift the equidistribution result on Xg from §2 to
an equidistribution result on X,. We begin by noting that there is a unique Gg-invariant
(respectively, Hg) probability measure on Xg, so in order to show that a measure is
Gg-invariant, it is enough to show that it is Hg-invariant.

In this subsection, we show that for S C P finite, an A-invariant lift of pr geer to Xg is
automatically Hg-invariant. The main ideas are to first use a maximal entropy argument in
order to show that the lift must be PSLy(R)-invariant, and then show that PSLy(R)-invariant
measures on Xg are actually Hg-invariant (since we also have PSLy(R) ‘invariance’). We are
then left to show invariance under H;\Hg, and for that we give the following definition.

DEFINITION 3.2. For S C P finite let dets : Hs — [[,cg %, /Z;? be the homomorphism
induced from the determinant function det : PGLy(Z),) — Z /7).

As the kernel of this map is exactly Hg which contains PSLy(Z), for any S C S’ (including
infinite S”), we use the same notation for the map dets : Xg — Xg — HG\Hs.

REMARK 3.3. Note that for finite S C P, the quotient H;\ Hyg is a finite group. Indeed, for
each odd prime p, we have that Z% /Z? = (Z./pZ)* /(Z/pZ)** and for p = 2, it is isomorphic
to (Z/8Z)* . We conclude, in particular, that Hg is a unimodular finite index normal subgroup
of Hs.

Once we show that these two invariance conditions (the projection to the infinite part Xg
and to the finite part H;\Hg) imply that the lift is the uniform Haar measure on Xg for S
finite, we use the structure of restricted products in order to extend this result to infinite S.

Before considering A-invariant measures, we show how to combine right PSLo(R)-invariance
on Xg together with the ‘left PSLy(Z)-invariance’ arising from the quotient structure.

LEMMA 3.4. Let H < G be a unimodular subgroup and assume that either

(1) G=H x N, or
(2) H is a finite index measurable normal subgroup of G.

Then any left H-invariant measure is also right H-invariant and vice versa.
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Proof. Assume first condition (1) and let g be a left H-invariant measure on G. Con-
sider the natural product map C.(H) ® C.(N) — C.(H x N) defined by (f1 ® f2)(g1,92) =
f1(g1) f2(g2). Using the Stone Weierstrass theorem, we obtain that it has a dense image (in
the sup norm); hence, it is enough to show p(Ry (11 ® 1)) = (1 ® ) for any ¢, € C.(H),
1y € C.(N) where R, (and later on L) is the right multiplication by g (respectively left).

If h € H, then pu(Ly (1 @ 102)) = u((Lpw1) ® ¥2) so by the left H-invariance of u, we learn
that 11 — p(1)1 ® o) is left H-invariant. The unimodularity of H implies that this map and
therefore p are right H-invariant as well.

Assume now condition (2), namely that [G : H] is finite and we let {g1,...,gx} be left coset
representative of H in G. Let u be a left H-invariant measure on G. For each 7, the measure ) —
1i(Qg;) for measurable Q C H is a left H-invariant measure on H; thus, from unimodularity of
H, it must also be right H-invariant. Using the normality of H in G and this right invariance,
we get that for any h € H and Q C H, we have that u(Qg;) = u(Q(gihg; V)gi) = u(Qgih). As
this is true for all 4, it follows that p is right H-invariant as well. O

LEMMA 3.5. Let S C P be finite and let pg be an PSLy(R)-invariant probability measure
on Xg. Then pg is Hg-invariant.

Proof. Denote by PSLéd) (Z) the diagonal image of PSLy(Z) in Hg. The space Xg is a
quotient (from the left) by PSLéd) (Z) embedded diagonally, and we consider measures which
are invariant (from the right) by PSL2(R). We begin with the claim these groups together

generate < PSLgd) (Z),PSLy(R) > = Hg. Indeed, it is well known that any element in SLo(Z,)
is generated by Uz, UZ; hence, this claim follows from the fact that the diagonal embedding

of Uz, 2 Z is dense in [[,c 5 Zp = [[ 5 Uz (and similarly for the transpose).

Let fig be the lift of ug to Hg, that is, for sets F' inside the fundamenal domain, we set
fs(F) = ps (PSL;d) (Z)F), and extend this to a left PSLgd)(Z)—invariant measure on Hg. Since
Hg = PSLa(R) x ][ e PGL2(Z;) and PSL2(R) is unimodular, we can apply Lemma 3.4 to

conclude that fig is left PSLo(R) invariant as well, and therefore left < PSLgd)(Z)7 PSLy(R) > =
H{-invariant. Since H§ is a finite index normal unimodular subgroup of Hg, applying
Lemma 3.4 again, we conclude that fis and therefore pug are right H¢-invariant which completes
the proof. O

We can now prove that invariance of the projections of the measure to the finite and infinite
places implies the invariance over the adeles. In the following, we consider the actions by
e—1/2 0

T=(", . and U= Ug on the spaces X via their images in PSLy(R).

THEOREM 3.6 (see [4, Theorems 7.6 and 7.9]). Fix some finite set S C P and let A be a
T-invariant probability measure on Xg. Then hy(T) < 1 with equality if and only if \ is U-
invariant. Similarly, hy(T~1) < 1 with equality if and only if X is U'"-invariant (where U'" is
the transpose of U).

THEOREM 3.7. Let S CP be finite and let us be an A-invariant probability measure on
Xg, such that (Wﬂg)*ps = UR, Haar- Assume further that the projection (detgs).ps to the finite
space Hg\Hg is the uniform measure. Then ps = ps Haar-

Proof. Since the entropy only decreases in a factor and the Haar measure is U-invariant, an
application of Theorem 3.6 shows 1 > h,(T) = hyy 4., (T) = 1. It follows that h, (T) = 1,
and hence pg is also U invariant. Repeating the process with T—1, we get that ug is (U, U'") =
PSLs(R)-invariant. It now follows from Lemma 3.5 that pg is Hg-invariant.
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Let g1,...,gn be coset representatives of Hy in Hg and let p;(Q) := pg(Qg;) for 1 <i < n
and Q C X§ := PSLy(Z)\Hg. All of these measures are Hg-invariant since pg is Hg-invariant
and H§ is normal in Hg. Letting 4/ be the Hg-invariant probability measure on X§, we get
that p; = ¢/ for some ¢; > 0. Any Q C Xg can be written as Q =| |Q;g; with Q; C Xg,
and then ps(Q) =>" ¢/ (). The projection of pg to H\Hg is exactly the probability
vector (ci,...,cy,), hence by assumption ¢; = = for each i. Given g € Hg, we have that
Qg = [Qigig = || Qihigj;) where h; € Hg and i — j(i) is a permutation. It then follows that
1s(Qg) =3 L/ (ki) =3 21/ (Q;) = ps (), so we conclude that g is Hg-invariant. O

Finally, we extend this result to the adeles.

THEOREM 3.8. Let S C P be infinite and let ug be an A-invariant probability measure on
Xg, such that

(1) (ﬂ'ﬁg)*ﬂs = UR,Haar; and
(2) for any S’ C S finite, the measure (detg:).ps is uniform.

Then Hs = 1S, Haar-

Proof. For each finite S’ C S, we can pull back the functions in C.(Xg/) to C.(Xg) and the
union of these sets over the finite S’ spans a dense subset of C.(Xg). Hence, it is enough to
prove that for any such finite set S’, f € C.(Xg) and g € Hg, we have that us(g(fom2,)) =
us(fo ﬂg,). The function f o ﬂg, is already invariant under g € Gg which are the identity in
the S’ U {oo} places, so it is enough to prove this for g € G/, and then g(f o 72,) = g(f) o 73/
The proof is completed by noting that the measure pug = (Wg/)*(/l,s) satisfies the conditions
of Theorem 3.7, so it is the Haar measure on Xg and hence invariant under g € Gg. O

3.3. Lifts of orbit measures

By Theorem 1.5, we know that the averages of the measures 51[)0/’5 n g} converge to the Haar

measure on Xg = Xy = PGL2(Z)\ PGL2(R) as ¢ — co. In this section, we show how to extend
these measures to locally finite Ag-invariant measures on Xpg, and relate their averages to
projections of single orbit measures in X}y .

DEFINITION 3.9. Given a homogeneous space Z = ')\ Gy, a unimodular group H < G and
a closed orbit zH , we denote by .y the orbit measure, namely the pushforward of a restriction
of a fixed Haar measure on H to a fundamental domain of staby (z) by the orbit map h — zh.
The fact that the orbit is closed and the unimodularity of H imply that the orbit measure is
locally finite and H-invariant. Moreover, up to scaling this is the unique H-invariant locally
finite measure supported on zH.

For an integer n, we write pu,:= Eme(z/nz)x Om/ns  Mm/nA = Hagu,, nA and
HnaA = ZmE(Z/nZ)X Hm/nA-
We note that ﬁum JnA — 52%“ " is a positive measure which is supported on the part
of the orbit xou,, , A which goes directly to the cusp. Hence, if f is continuous with compact
support, we expect that its integral with respect to this difference will be small. This leads us
to the following lemma which together with Theorem 1.5 implies Theorem 1.10 as a corollary.

LEMMA 3.10. For any f € C.(Xgr), we have

1
lim ' {2111@)#"’4 - ng’zlnn]} (f)‘ =0.

n— oo
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Proof. Since f is compactly supported, supp(f) QX;M for some M > 0. For any

—t/2 m t/2

m € (Z/nZ)*, we have that Du, ,a(t)=T(" " "/.)e€ XM for all t¢[-2In(M),
21n(n) + 2In(M)] so that f is zero there, implying

1 1 1
— ,[0,21nn] < § Aln (M
(m,n)=1
21n (M) oo
= — o0 0.
MU .

Proof of Theorem 1.10. The proof that ppa — pHaer follows from Lemma 3.10 above and
Theorem 1.5. O

We continue to lift these measures to the adeles.

DEFINITION 3.11. We set Gy ; = H;e]P’ PGL5(Q,) and consider it as a subgroup of Gj.
Similarly, we let AA,f =AxN Ga,f-

We now turn to the proof of Theorem 1.11. The strategy will be as follows. Similarly to the
real case, if g =I's € X,, then ToA, is a closed orbit and therefore pz,4, is a locally finite
A-invariant measure and this remains true if we push this measure by elements from G, ;.
Thus, if g; € G4, ¢ is a sequence satisfying that the projections of g;uz,4, to X are u,, 4 with
n; — 00, then we conclude that the projection of the limit measure to the real place is the
uniform Haar measure. The uniformity in the finite places, that is, under the projections detg
for S-finite will follow from the fact the measure on A, is uniform on the finite places.

Since pz,4, is Ap-invariant, a partial limit of (g;)«ptz,4, Will not change if we multiply the g;
by elements of A from the right. Similarly, the limit will be the uniform measure if and only
if the limit of (k; - g;)« 43,4, is the uniform measure given a sequence k; € G, with compact
closure. Thus, for a choice of K = [[PGL2(Z,), we can consider the g; in K\Gx ¢/Aas. The
next lemma shows that modulo these groups, the g; have a very simple presentation.

DEFINITION 3.12. For m € (Z/nZ)* et Uy, /r, := (U /n, Um/n, - --) € Ga s

LEMMA 3.13. The group Gy ; has a decomposition G, y = KN'Ay ; where

K = [[ PGL2(2))

peP

N'":={ty, : n € N}.
Moreover, a sequence g; = 1 ,, in Gy /A diverges to infinity if and only if n; — ooc.

Proof. By the Iwasawa decomposition, modulo K from the left and A, ; from the right,

any element g € Gy 5 can be expressed as (gp,,gp,,...) where g, = (; ﬁ), (myp,p'r) =1,

0<m, < p'r for every p, and l, =m, =0 for almost every p. Moreover, by conjugating g,
by a matrix ("7 V) € Az, NPGLy(Zy), k, € Z}, we can take m,, to be any element in Z. Let

0 1
S be the finite set of primes for which g, ¢ PGL2(Z,,) (that is, [, > 1) and let n = [[p'» € N.
Choosing m,, = #, we get that g, = uy,, for all p, thus proving the presentation as KN’ Ay ;.
The second claim follows from the fact that K is compact. O
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To prove Theorem 1.11, we are left to show that the limit of (7). (&1 /n, 13,4, ) satisfies the
conditions of Theorem 3.8.

Proof of Theorem 1.11. Let n € N and consider the measure @, /,, 13,4, . Since staba, (To) =
Ap NPGLy(Q) are the diagonal rational matrices, we obtain that its fundamental domain in

AAiS
et 0 v, 0
Ag;:{«O 1),<0P 1),...>eGL2(A):teR,vpezg}gAA.

It follows that pz,4, = Iz, A0 where the map a — Zoa for a € AY is injective and proper.
Let N € N such that n | N and define ¢y : AS — (Z/NZ)* by

a2 25 Tz - T (2t)” = @/Nz)*
pIN pIN

where Ay is the product over p | N of the projections defined by (¢ ?) — a.

We claim that for a € ¢y'(m),m € (Z/NZ)*, we have that ﬂm//,n,afﬂ_l/na;l €[[Uz,
where ay is the projection of a to the finite places and m’ is the projection of m to (Z/nZ)*
Since (Up/ /s U/ /n) € staba, (Zo), it follows that

€ll, Uz,

Zoal_ 1/n = (unL’/naoov-[d ) '’ELrn//naf’a/f1/77.01;‘1 af,
and hence ﬂﬁ(iow& (m)t_1/y,) = ToUpy /nA, namely, up to the projection mod n, the distinct
‘cosets’ of ker ¢y in A are mapped to the distinct A-orbits in pi,4.
Let @ = (oo, Gpy s pys - --) € Yy’ (M), s0 that a, = (7 V) and v, =, m where N = [1p"
Note that this implies m/;“” € Z, for all p, and then computing the coordinate at the p place,
we get

um’/ngpufl/ngp_l = U(m/—vp,)/n € Uva

which proves our claim
As ' (m) has ( 5 volume inside the finite places of AQ, we conclude that

_ 1 _ 1

(Wﬁ)*(ul/nﬂiom\) =\ E (Wﬁ%)*(ul/nﬂiwﬂ(m)) = E Hm'/nA = HnA-
p(N) N p(n)

me(Z/NZL)* m/€(Z/nZL)*

In particular, we get that any partial weak limit pa of (u1 /n)xHzoA, 1S a probability

2 ln(n
measure such that 7 Blun) = UR, Haar-

Fix some finite S C P and suppose 8 - Hpes p | N. Since the elements in Uz, have determinant
1, with a as above we get that

dgzt(i:oaﬂ,l/n) = (vp/Z;? :pe S)=(m/Z* :peS).

The map Z(m) = (m/Z)? :p € S) for m € (Z/NZ) is a well-defined surjective homomor-
phism, and in particular for each o € Hpe sZy /Z , we have that

=70 _ 1
o) Mes 2 /23

which depends only on S (and not on N). Letting fi ., = ﬁwal/nﬂj(](‘godjzv)—l(o—), then

similar to Lemma 3.10, we can restrict these measure in the infinite place to 0 < ¢ < 2In(n) and
obtain probability measure i, , which converge together with fi, , and to the same measure.
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1 2

FIGURE 1 (colour online). The arrows above represent two elements from Cy. C™ is
obtained by reflection through the y-axis of C..

Moreover, the limit measures are probability measures since from the one hand, they are limit
of probability measures, and, on the other hand, their convex combination is

_ 1 -
ul/np@ Ay — T X X2 ,U/a,na
= o 2/ o
which converge to a probability measure. This implies that the (dets).ua is the uniform
measure which is the second condition needed in Theorem 3.8.
As S C P was an arbitrary finite set, Theorem 3.8 implies that p, is the uniform measure
on Xy. [l

4. From the geodesic flow to the Gauss map

In this section, we translate the results obtained in § 2 to derive consequences on c.f.e. Using a

certain cross section for the flow a(t) on X, we relate the partial-orbit measures 51[)0/’3 @l ¢4

the normalized counting measures of the finite orbit in [0,1] of p/q under the Gauss map.

We begin by recalling the connection between the c.f.e. and the geodesic flow on the quotient
of the hyperbolic plane H by the action of PSLy(Z) by Mobius transformations. We keep the
exposition brief and refer the reader to the the book of Einsiedler and Ward [7, Section 9.6]
for a detailed account. We bother to repeat many of the things written there as we are mostly
concerned with divergent geodesics which form a null set completely ignored in their discussion.

Identifying the unit tangent bundle T'H of the hyperbolic plane with PSLy(R), we get that
every matrix g = (* ) € PSLy(R) defines a unique geodesic in H with endpoints

1 a b\ (/2 0 i aei+b a
alg)=Jm il )\ o ewe)i=imCmig=

. a b\ (e /2 0. . ak+b b
wig)=Jim {, 4 0 el/? z:tlgroloc'_q_d:}

i
e

Following Einsiedler and Ward (see Figure 1), we define
Cr ={9€A4-50:(R): a(g) < -1<0<w(g) <1},

C_={geA-SO0:(R): —1<w(g)<0<1<alg},
cC=C,uUC_,

considered as subsets of PSLa(R).
We leave the following simple proposition to the reader.
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PROPOSITION 4.1. The projection 7 : PSLo(R) — X5 = PSLy(Z)\ PSLo(R) restricts to a
homeomorphism on C.

Henceforth, we will identify C' with 7(C') and denote points there by g, g, respectively. This
will allow us to speak of the start point a(g) and end point w(g) for g € w(C'). For such g, we
will write sign(g) € {£1} according to the set Cy or C_ for which g belongs to.

Our next goal is to show that the Gauss map is a factor of the first return map of the geodesic
flow on X5 to m(C). We start by defining a coordinate system on C. Consider the set

Y—{(y,z):ye(o,l),0<z§1+1y}x{:l:l}ngx{:lzl}

and note that the map from C to Y given by
vstan(a))

g (""(g”’ @) — ol

is a homeomorphism. In what follows we will always use these coordinates.

DEFINITION 4.2. Let g € n(C). We define the return time rc(g) and the first return map
Tc(g) to be

re(g) ==min{t >0:g-a(t) € n(C)}
Tc(g) = g-a(rc(g)) € 7(C).
This map is defined only when the forward orbit g - a(t),t > 0 meets 7(C). Otherwise, we will

write 7o (g) = oo.

REMARK 4.3. While it is not trivial, it is not difficult to show that the minimum in the
definition of r¢(g) is well defined (and not just the infinimum). Moreover, r<(g) is uniformly
bounded from below, that is, inf e cyrc(g) > 0.

We now use the return time map in order to extend our coordinate system.

LEMMA 4.4. Let Y ={(g,t):0<t<rc(g)} CY xR and set 0 : (g,t) — g - a(t). If dm is
the restriction of the product measure on' Y X R to Y, then k0,(dm) = ppqq for some k > 0,
or equivalently for any f € C.(X3), we have that

ro(y,z,€)
f (J}) dMHa(L’r = K/ (/ f ((y7 2, 6) a (t)) dt) d/J/Leb' (41)
Xa (y,2,€)€Y t=0

Proof. This follows from the proof in [7, Proposition 9.25]. O

The connection between the geodesic flow and the Gauss map is given in the following two
lemmas.

LEMMA 4.5 [7, Lemma 9.22]. Under the identification w(C') ~Y, the first return map
(where it is defined) is given by

Tc (y,z,6) = (T'(y),y (1 —yz),—e),

where T(z) = L — | 1] is the Gauss map.
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LEMMA 4.6. Let 0 < z < & where x # ,n € N. The first time that the orbit N'u a(t), t eR
meets w(C') is at the point (T( ),,—1) for some t > 0. Similarly, for £ <z <1,z #1— 1, the
first meeting is at (T'(1 — z),1 — x, 1) If x = % is rational, then the last time the orbit meets

7(C) is for some t < 21n(q). Finally, we have that T?(z) = T(1 — z) for 3 <z < 1.

Proof. The proof of the statements involving the first meeting points is essentially the same
as the proof of [7, Lemma 9.22] and we leave it to the reader. For the statement involving
the last meeting time, we note that 'u,/qa(21n(q)) = Tuy /4 (7 '), where pp’ =, 1 which as a
point in H is in the standard fundamental domain which points directly up to the cusp; hence,
its forward orbit does not pass through =(C).

For the second result, let 0 < x < %, so that z = [0; a1, a2, as, ...] with a1 > 2. We claim that
y=10;1,a1 — 1,az2,as,...] is equal to 1 — z. Indeed, the c.f.e. of y implies

1 1 1
y = 1 = 1 = — XT.
L+ a1 —1+4T(z) L+ —1+1/x O

The next step is to push measures on X to measures on [0,1] and we do it by lifting functions
on [0,1] to functions on SLy(Z)\ SLz(R). The idea is to define the function first on 7(C) and
to thicken it along the A-orbits since w(C') has zero measure.

DEFINITION 4.7. Let r, = iinf,c.(c)rc(g) > 0. For a function f:[0,1] — R, we define
f X9 — R as follows:

s %f(|w (90)]) g=goa(t) sit.go € m(C)and 0 <t <r,
0 else.

In general, given a probability measure p on X, we would like to define a measure v on
[0,1] by setting v/( f) = pu(f) for any continuous function f. The problem is that pu(f ) is not

well defined since f is not continuous with compact support. Fortunately, when p = dz
any partial orbit measure, u(f) is well defined and we obtain the following.

DEFINITION 4.8. For a rational s = % € Q in the reduced form, we denote by len(p/q) the
first integer i such that T%(p/q) = 0. We define the two measures:

len(p/q)—1 1 len(p/q)—1

1
TN O P Uy = ——— S 7
Ten(p/2) ;} T0/0) 3 Pole = S0 ; Tio/a)

Yp/qg =
LEMMA 4.9. For any p € (Z/qZ)* with ¢ > 2 and p # 1,q— 1, for any f:[0,1] = R, we
have that 012" (F) = 5,4 (F)] < 1251 lloc

Proof. Let t; <ty <tz <---<t, be the times in which the partial orbit I'u,,a(t),
t € [0,21In(q)] meets w(C) and set g; = (yi, 2i,€;) € 7(C) to be the corresponding points. It
then follows that

502 (@] (7 Hf”oo
p/q In(q)’
By Lemma 4.5, we have that y; .1 = T%(y;) forall 1 <i<n—1 and by Lemma 4.6, we have

that y; is either 7'(%) when £ < sorT(1- L= T?(2 ) when £ > 1, so in any case, the y; are
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in the T-orbit of %. Finally, Lemma 4.6 also tells us that y,, is the last point in the T-orbit of
%, so we conclude that

len(p/q)—1
0.2n(¢)] 7 _ =~ _ | 500,21n(q)] 1 2
8a ) = T (F)] = (0,5, " () = E f(r ( )) < () .

2In(q)

REMARK 4.10. We note that while #,,, appear ‘naturally’, they are not probability
measures. Once we show that such a sequence of measures converge to the probability measure
VGauss; We immediately get that their probability normalization, namely v,,,,, also converges

t0 VGauss-

*

LEMMA 4.11. Let p; € (Z/q:Z)* such that 502]n q‘)]w—*>,uHaaT. Then 1y, /q, AN

21n(2)kVGauss and therefore % — 2In(2)k and vy, /4, AN VGauss-

Proof. Given a segment I C [0, 1] with endpoints 0 < a < b < 1, we have that x; = %XQI
where

Qr ={goa(t) e X : goen(C), 0 <t <ry, |w(go)| €I}
The boundary of this set is contained in F} U Fy U F3 U Fy U Fy, where
F =7(0),
Fy = 7(C)a(ry),
Fy ={m(g)a(t) : g € A-SO2(R),t € [0,7.], |w(g)| € {0,1}},
Fy={m(g)a(t) : g € A-SO2(R),t € [0,r.],]a(g)| € 1},
Fs ={m(g)a(t) : g € A-SO:(R),t € [0,7.],|w(g)| € {a,b}}.

qi )]

In any case, this is a null set for gg4q,. Since 5[0’2q1n( RN [ Haar, for any measurable B with

boundary which is pggqr--null, we have 5[0 qun((h)] (B) = pHaar(B) and, in particular,

ds.

sl0:21n(a:)] () = frear(Q1) = K /rc(y z,€) vordi, = 2o /b
pi/qi . ke o 1+s

Applying Lemma 4.9, we obtain that 7,4 (x1) = 2In(2)kVGauss(xr). This result can be
extended to any f € C[0,1] by noting that (1) each such f can be approximated by step
function and (2) the measures 7,,, are uniformly bounded (this follows from the fact that

len(p/q) < 2log,(q)).

Now that we have that ©

i /s 5 21n(2)klGauss, evaluating at the constant function 1

produces % — 21n(2)x which, in turn, implies v, /4, = ﬁ}n/qb BN VGauss- O

Proof of Theorem 1.1. By Corollary 1.6, there exist sets W, C (Z/qZ)* with
021n (@) W_> HHaar-
Without loss of generality, we may assume 1,¢—1¢ W, (this abbumptlon is not really

necessary as this follows automatically since 5 [0 QIH(‘M 5?/’; In(a)] cannot converge to fraar)-

limg 00 ‘(p( ‘)l =1, such that for any choice of p, € W,, we have that 5

The computation x = 5 C( ) will be done in Theorem 4.12 below; hence, applying Lemma 4.11,

In(2)
€(2)

len(py/q)

e
S In(g) and Vp,/q — VGauss for such sequences. O

we obtain that

4)
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Finally, we compute the value of k. One way of doing it is to note that we already know

that ﬁ > pe(z/qz)x lognlglp(/g) — 21In(2)k. This limit was computed by Heilbronn in [8] which
3

showed k = 5 = 5 41(2) . A direct computation using the return time map is done in the following

theorem.
THEOREM 4.12. In Equation (4.1), the constant k is equal to % = 2—%2)

Proof. 1In order to find x, we compute the return time map and then integrate over
f = 1. Given the endpoints a < —1 < 0 < w < 1 of g and writing as before y = ew, z = eﬁ,
e € {£1}, then g = (" _.* ‘f)("’to/2 .—t/2) for some t € R. In particular, if g € C;. € A-SO2(R),
then the rows of g are orthogonal, so that ¢ = —In(;(1—yz))/2. Furthermore, setting

(., 7, €)= (i — [ij,y(l — yz), —€), we obtain that

—e HJ 1\ (1-yz ey\ (v O (1 -y E’y’)
1 = —¢ 7 .
1" 0 —ez 1/ \0 —€z 1

We conclude that rc(y, z,€) = —=2In(y) — In($(1 — y2))/2 + In(3 (1 —1y'2'))/2. It then follows
that

1_2,@/ / ( 21n(y ln(;(l—yz)> /2—|—1n(;:(1—y’z/)> /2) dz - dy.

Since the map (y,2) — (¢/, 2’) is measure preserving, we conclude that 1 = —4k fl IT_H)
3

2 _ _ 1
4k75, hence k = =5 = @ O

S

dy =

We finish by giving the proof that for a fixed K, there are very few rationals p/q with
p € (Z/qZ)* such that the coefficients in their c.f.e. are bounded by K.

Proof of Theorem 1.4. Fix some K > 1 and let

Agx = {p € (Z/qZ)™ : the entries of the c.f.e. of P are bounded by K} .
q

We first claim that there is some M = M (K) > 1 such that 51[)0/’5 (D] s supported in X5 for
any p € Ay k. We give here an elementary proof but the reader may benefit from reviewing
[7, Section 9.6] and try to establish this claim by herself. Let g = [0;a1,0az,...,a,] witha; < K,

and assume SLg(R)u,/,a(t) € X~ for some 0 < ¢ < 2In(g). Let 0 # (m n) € Z? such that
|(m, —n)uy, 4a(t)||s < 57, or equivalently |m| < 11—/[2 and [m% —n| < 57 L. Without loss of
generality, we may assume 1 < m < % < 7. Letting 2 E = [0;ay,...,a;] be the convergents of

%, we have the recursion condition ¢;+1 = ¢;ai+1 + gi—1 < (ai+1 + 1)g;. Since ¢, = ¢, we obtain
that q,_1 > #’H > KLH, so M > K + 1 implies m < q,,_1.
Choose k such that gx—1 < m < qx < gn_1 # q. Then by the optimality of convergents

[7, Proposition 3.3], we get that |2 — & < |B — 1| < oobon . Furthermore, the convergents

satisfy 2‘1ki1q7c < |5 — B=[ [7, Exercise 3.1.5], and hence
Me!/? art1 + 1) (ar +1)%q} , get/?
; < qkqk+1 < (ars1 )(ax ) %1 <(K +1)%m < (K+1)‘5€—.
m m

[0,21n(q)]

It follows that M? < 2(K + 1)3, and therefore the support of 6 must be contained in

X <2(K+1)?
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By the claim that we just proved, the probability measures 51[\0(1’2;“((1)] are all supported in the

compact set X S2E+D?

that ln‘A(‘* )K L 1, then applying Theorem 1.7, we conclude that (5

80, in particular, they do not exhibit escape of mass. If we also knew

[0,21n(g)] converges to the

Haar probability measure, but the limit must also be supported on XS <2(K +1)*  contradiction.

It follows that lim sup lnllf(jl’;( L<1or equivalently |A, x| = o(q' %) for some & > 0. d

Appendix. The proof of Lemma 2.9

Before we give the proof, we need some results about hyperbolic balls. Recall from Definition 2.6
that for H < SLy(R), we define the H-balls B = {I + W € H : ||W|| < r}. In particular,
we have

—{I—|—aE12 |Oé|<T}

B,’?’A ={I+W e SLy(R): Wy =0, |W,,| <r}.

—1/2 o

We further write B, y = BU" BU A B,=B,oand a= (", ) (so that aB,{ﬁ(JL_1 =

ne—N
+
Bf/e)

LEMMA A.1. Let H < G be any subgroup. We have the following.

(1) (Bg) = Bg.

(2) Kleé C BhEK +K ) Whenever Ky, K < 1.

(3) Suppose r*,r~ . Then BY ABU+ C BgfﬁBU A

(4) Suppose r*,r~ 41 Then gB7+ g_1 € BQU7+BU A for every g € Bff:A.
(5) Suppose r*,r~ < 15 and x,y € I'\G. Then

—A —A + —A
yexBY BU A = ¢BU BV A CyBU BV A

Proof. (1) Follows from the fact that (* %)~! = (* ") for matrices of determinant 1.

(2) Follows from the identity (I + W1)(I + Wa) = I + (W + Wa) + W1 W5 and the fact that
W1 Walloo < 2[[Wh[oo| [Wal[oo-

(3) Suppose |ul, |v|,|w| < r~ and || < r*. Then

14w 0 1 z\ _ (1 11(11[:& 1+u—1ﬁ3:;;)mv 0
v 14w/)\0 1 0 1 v 1+w+vz)’

which is in Bg+BU A
T

(4) Using the previous parts, we get that

gBU g7t ¢ BU ABY BV AC BYU,BU ABU A CBU.BU A
(5) Using the previous parts, y = zh™h~ with A € BLT and h~ € BU_ 4, we have that
eBU B A =y (h) " (W) BY B A CyBY ABYLBU A

C yBU BU ABU A CyBU BU A, 0

LEMMA A.2. There is some constant C such that for all 0 < T1,Ty small enough, x € Xs
andY C xBU+BU A there are y1,...,yc €Y such that Y C |Jy; BY Yt BU A

ri/e " ra/e ”
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Proof. We first prove a similar claim in SLy(R), that there exists a constant Cj such
that for all 0 < ry,rs small enough and R >1, we can find z1,...,20,rs € SLo(R) such

that Bng,{fA C Ul’iB,,Q]J;R - /R Since Ut 2 R, given R’ > 1, we can find O(R’) elements
gi € Bﬁ{* such that Bgf CUgB TI/R,, and similarly, we can find O((R')?) elements h; € B, “
such that BY, € thTUQ;g,. Applying Lemma A.1, we obtain that

Ut pU~ ut U A —1pUt U A
B, B, < UgiBrl/R/thrz/R/ = Ugihj (hj Bm/R/hj) B,k
i,j i,j

< Uglh BQT /R’BGM/R/B’Q/R’ < ngh Bzrl/R/Bl‘”’z/R/

i,j i,j
Choosing R’ = 14R finishes the claim.

We now transfer this result to X5. Let 1,79 > 0 small enough, z € Xo and Y C xBU+ BU A,
Setting R = 8¢, we can find O(R?) = O(1) many z; € SLQ( ) such that xBU+BU cCzx-
xiBgJ;RBT, /R Choose y; such that y; € Y Nx - xZB7 /RBT /R if this set is not empty and

otherwise choose some y; € Y arbitrarily. Since y; € x - x,LB,,A1 / RBT2 IR applying Lemma A.1
(5), we get that

.
z-a;BY /RBT i S B, r B, 'w = viBY, B

Bl

which completes the proof. O

Proof of Lemma 2.9. Choose 7n(M) > 0 to be small enough so that Lemmas A.1 and A.2
will be applicable and that the map g — zg from B,, — I'\G is injective for all z € X SM et
P ={Py,...,P,} be an (M,n) partition.

Consider the function f(z) = + (])V_l 1x>m(Tr) and note that this function is constant

N
on each P € Py.
Setting X' = XSM N {z: f(x) < k}, we obtain that

M(X>M)+u({f(a:)>I~€})—|—,u(X/)SM(X>M)+“_1/f(x)dM+’U(X/)

:H(X>]\J) +K_1MN (X>M) +/,&(X/)7

thus proving part (3) in the theorem.
For S € Py, S C X' set V,,, = |{0 i<m | TYS) C X>M}|. Let C be the constant from

| T'Tl‘
Lemma A.2. We claim that S C UC yi By N with y; € § for any 0 < m < N, and the lemma
will follow by setting m =N —1. For m=0, let y€ S C P; C z;Ba for some i > 1, so by
Lemma A.1, S C yB,, thus proving the case for m = 0.

C\Vm\
Assume S C |J;
e Suppose first T8 C XSM g0 that TS C P; C wljB% for some j > 1. This case will

be complete if S Ny; B, m =S Ny; By ms1 for every i. Indeed, Lemma A.1 implies TS C
z;Ba Cya™tVB, . soif y;g € S with g € B, ,,, then
iPL =Y ) Yig g 7

YiBy,m with y; € S for m < N — 1 and we prove for m + 1.

[yia(n1+l):| a—(771+1)ga(m+1) — yiga(nH—l) c Tm+1S/ C yia(m+1)Brl~

By the assumption on the injectivity radius, we conclude that g € B, ,, N a("”“)Bna_("”‘H) =
By, m+1, which is what we wanted to show.
. Suppose now T”HS C X>M. By Lemma A.2, for each ¢, we have that SNy; B, C

U . yZ 7, C U . yl 2 my1 With ;&j € S, which completes this case and the proof. [



176 OFIR DAVID AND URI SHAPIRA

REMARK A.3. In the original proof of Lemma 4.5 from [5], there was a slight inaccuracy
in the final argument where the center of the balls yB,, ,, was not shown to be inside S. This
inaccuracy is resolved in Lemma A.2.

Acknowledgements. The authors would like to thank Manfred Einsiedler for valuable
discussions.
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