ON A GENERALIZATION OF LITTLEWOOD’S CONJECTURE
URI SHAPIRA

ABSTRACT. We present a class of lattices in R? (d > 2) which we call grid-Littlewood
lattices and conjecture that any lattice is such. This conjecture is referred to as GLC.
Littlewood’s conjecture amounts to saying that Z?2 is grid-Littlewood. We then prove
existence of grid-Littlewood lattices by first establishing a dimension bound for the set
of possible exceptions. Existence of vectors (grid-Littlewood vectors) in R? with spe-
cial Diophantine properties is proved by similar methods. Applications to Diophantine
approximations are given. For dimension d > 3 we give explicit constructions of grid-
Littlewood lattices (and in fact lattices satisfying a much stronger property). We also
show that GLC is implied by a conjecture of G. A. Margulis concerning bounded orbits
of the diagonal group. The unifying theme of the methods is to exploit rigidity results
in dynamics ([EKL],[B],[LW]), and derive results in Diophantine approximations or the
geometry of numbers.
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1. INTRODUCTION

1.1. Introductory discussion. In this paper we wish to discuss a generalization of the
following well known conjecture due to Littlewood ( see [Mall):

Conjecture 1.1 (Littlewood). Vo, 5 € R, inf, 4o |n| (na)(nB) = 0, where for v € R, we
denote () = ming,eyz |y — n|.

Our interpretation of this conjecture, which naturally leads to its generalization to be
described bellow, is as follows: Let us denote by N : R? — R the function (z,y)! — z -y
(where t stands for transpose). Given a vector v = («a,3)! € R? and an integer n,
the set of values N takes on the set Z? + nv C R? is {(na+k)(nB3+1¢) : k.l € Z}.
The distance of this set to zero is exactly (na)(nf). Let us denote this distance by
N (Z? + nv). Tt is clear that this quantity attains arbitrarily small values as n varies.
Littlewood’s conjecture asserts that the rate of decay is faster then n. To this end we see
that Littlewood’s conjecture could be restated as saying

Vv € R?, ir;g) In| N(Z* + nv) = 0.

Adopting this view point we may ask if this should be a special property of the lattice Z2.
We conjecture that in fact any lattice in the plane should satisfy a similar property (see
conjecture bellow). In this paper we shall use methods from homogeneous dynamics
to establish the existence of lattices in the plane which satisfy the generalized Littlewood
conjecture and connect this conjecture to the dynamics of the diagonal group on the
space of lattices in the plane. The main tool is the deep measure classification theorem
obtained by Einsiedler Katok and Lindenstrauss in [EKL]. Applications to Diophantine
approximations are presented.

1.2. Notation Results and conjectures. We first fix our notation and define the basic
objects to be discussed in this paper. Throughout this paper d > 2 is an integer. Let
X, denote the space of d-dimensional unimodular lattices in R¢ (i.e. of covolume 1) and
let Y; denote the space of translates of such lattices. Points of Y; will be referred to as
grids, hence for x € Xy and v € R?, y = 2 + v € Yy is the grid obtained by translating
the lattice x by the vector v. We denote by 7 the natural projection

Yy = Xg, T+ves o (1.1)

In the next section we shall see that X, Y; are homogeneous spaces of Lie groups and
equip them with metrics. For the meantime, the reader should think of the points of
X4, Y, simply as subsets of RY.

Let N : R? — R denote the function N(w) = H‘li w;. For a grid y € Yy, we denote

N(y) = inf {|N(w)| : w € y}. (1.2)

Caution: Our use of the symbol N is ambiguous from several respects. It denotes
simultaneously functions defined on Y,; and R? and moreover, the dimension, d, will vary
from time to time in our discussion. We choose this notation to be consistent with notation
in the literature.
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For each € X, we identify the fiber 771() in Y; with the torus R?/z. This enables us
to define an operation of multiplication by an integer n on Yy, i.e. if y = x +v € Y, then
ny = x + nv. The main objective of this paper is to discuss the following generalization
of Littlewood’s conjecture, referred to in this paper as GLC:

Conjecture 1.2 (GLC). For anyd > 2 andy € Yy
;r;é% InN (ny)| = 0. (1.3)

Definition 1.3. (1) A grid y € Yy is Littlewood if holds.
(2) A lattice x € Xg is grid-Littlewood if any grid y € 7' (x) is Littlewood.
(3) A wvector v € R? is grid-Littlewood if for any x € Xy, the grid y = x + v is
Littlewood.

Thus conjecture could be rephrased as saying that any lattice (resp vector) is grid-
Littlewood. Of particular interest are grid-Littlewood lattices and vectors. For example,
as explained in the previous subsection, when d = 2, x = Z% € X, and v = (o, 8)! € R?,
the grid x + v satisfies (1.3)), if and only if the numbers «a, 3 satisfy Littlewood conjecture
stated above (conjectu. Hence, in our terminology, Littlewood’s conjecture states
simply that the lattice Z* is grid-Littlewood. In this paper we shall prove existence of
both grid-Littlewood lattices and vectors in any dimension d > 2 and give applications
to Diophantine approximations. As remarked above, the methods of proof are those of
homogeneous dynamics. Let us now turn to describe the relevant group actions.

SLy4(R) and its subgroups acts naturally, via the linear action on R? on the spaces
X4,Y,. The projection 7 from commutes these actions. Of particular interest to
us will be the action of the group A, of d x d diagonal matrices with positive diagonal
entries and determinant one. The action of A; on R? preserves N : R? — R and in turn,
N :Y; — R is Ay invariant too. As a consequence, the set of exceptions to GLC

&4 ={y € Yy :y is not Littlewood} (1.4)
is Ay invariant. The main result in this paper is the following:

Theorem 1.4. The set of exceptions to GLC, &4, is contained in a countable union of
sets of upper box dimension < dimA =d — 1.

We remark that from the dimension point of view, this is the best possible result without
actually proving GLC, because of the A, invariance.

In the fundamental paper [EKL], Einsiedler Katok and Lindenstrauss proved that the
set of exceptions to Littlewood’s conjecture is a countable union of sets of upper box
dimension zero. The main tool in their proof is a deep measure classification theorem.
The proof of theorem is based on the same ideas and techniques and further more
goes along the lines of [EK]. The new ingredient in the proof is lemma . As corollaries
of this we get:

Corollary 1.5. The set of v € X4 (resp v € R?Y) that are not grid-Littlewood, is contained
in a countable union of sets of upper box dimension < dim Ay = d — 1. In particular,
almost any lattice (resp vector) is grid-Littlewood.
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Corollary 1.6 (cf [EKL] Theorem 1.5). For a fized lattice v € X4, the set {y € 77 (x) :
y is not Littlewood} is contained in a countable union of sets of upper box dimension zero.

Corollary 1.7. Any set in X4 which has positive dimension transverse to the Ay orbits,
must contain a grid-Littlewood lattice. In particular if the dimension of the closure of an
orbit Agx (x € Xy) is bigger than d — 1, then x is grid-Littlewood.

Theorem as well as its corollaries are proved in § 3] We remark here that the only
proof we know for the existence of grid-Littlewood lattices in dimension 2 and for grid-
Littlewood vectors of any dimension, goes through the proof of theorem [I.4] For lattices
of dimension d > 3 the situation is different. As will be seen in § [5|, for d > 3, one can
exploit rigidity results on commuting hyperbolic toral automorphisms proved by Berend
in [B], and give explicit constructions of grid-Littlewood lattice (and in fact of lattices
which are grid-Littlewood of finite type, see definition .

1.3. Applications to Diophantine approximations. Recall that for n € R we denote
(n) = mingez |n + k| . We denote by n* the integer defined by the equation

() =In+n7.
We shall prove the following theorems in § [

Theorem 1.8. In any set J C [0,1] of positive dimension, there is a number « with the
following property: ¥3,~v € R, there exists a sequence n; € Z such that |n;| — oo and

lim max {(n;7); (nyy) '« +n:6)} =0,  lim |n;| (n;y){((niy) o+ n;6) = 0. (1.5)

In particular, when J is the set of badly approximable numbers in the unit interval and
we choose 3 = « and let v be arbitrary or choose v = a and let § be arbitrary or even
choose 0 = v = a we get the following immediate corollary

Corollary 1.9. (1) There are badly approzimable numbers o € [0, 1] such that ¥~y €
R there exists a sequence n; € Z such that |n;| — oo and

limmax { (ny7); ()" +ni) @)} = 0, lim [ng] {niy) (((n:7)" + i) @) = 0. (1.6)

(2) There are badly approzrimable numbers a € [0, 1] such that V3 € R there ezists a
sequence n; € Z such that |n;| — oo and

lim max {(n;a); {((n;a)*a+n;6)} =0,  lim|n;| (n;a){(n;a)*a + n;3) =0, (1.7)

(3) There are badly approximable numbers o € [0, 1] such that there exists a sequence
n; € Z such that |n;| — oo and

lim max {(n;a); (((n;)* +n;) )} =0,  lim |n;] (n;a){(((n;)* +n;) o) = 0. (1.8)

Theorem 1.10. In any set of dimension more than 1 in the plane, there exists a vector
(8,7)" such that for any o € R there exists a sequence n; € Z with |n; — oo such
that (L1.5)) holds. In particular one could choose o = 3 or o = 7.



ON A GENERALIZATION OF LITTLEWOOD’S CONJECTURE 5

1.4. Interaction with other conjectures. We end this section by noting that GLC is
implied by a conjecture of G.A.Margulis (see [Ma2]) which goes back to |[CaSD].

Conjecture 1.11 (Margulis). Any bounded Ayy1 orbit in X4.1 is compact.
We prove at the end of §§2.2]
Proposition 1.12. Conjecture implies GLC.

Remark: As will be seen, given a lattice © € Xy, the richer the dynamics of its or-
bit under Ay, the easier it will be to prove that it is grid-Littlewood. This suggests an
explanation to the difficulty of proving that Z? is grid-Littlewood (for it has a divergent
orbit) as opposed to proving for example that a lattice with a compact or a dense orbit
is grid-Littlewood (see Problem [5.13).

Acknowledgments: [ would like express my deepest gratitude to my advisers, Hillel
Furstenberg and Barak Weiss for their constant help and encouragement. Special thanks
are due to Manfred Einsiedler for his significant contribution to the results appearing in
this paper. I would also like to express my gratitude to the mathematics department at
the Ohio State University and to Manfred Einsiedler, for their warm hospitality during a
visit in which much of the research was conducted.

2. PREPARATIONS

2.1. X4, Y; as homogeneous spaces. Denote G = SLy(R),T'y = SLy(Z). We identify
X, with the homogeneous space G4/T'y in the following manner: For g € G4, the coset
gl'y represents the lattice spanned by the columns of g. We denote this lattice by g.
Y, is identified with (G4 x R?) / (I'q x Z9) similarly, i.e. for g € G4 and v € R% the
coset (g,v)['g x Z< is identified with the grid § +v. We endow X4, Y, with the quotient
topologies thus viewing them as homogeneous spaces. We define a natural embedding
7 :Y; — X441 in the following manner: Vy = g+ v € Y,

Ty = < '(g) 11) ) Fd+1 € Xd+1- (21)

Note that this embedding is proper. G4 and its subgroups act on Xy, Y; by multiplication
from the left. The reader should check that under our identifications, these actions of
G4 agrees with the linear action on R? when applied to points of X, Y,, thought of as
subsets of R, We embed Gy in Gy (in the upper left corner) thus allowing G4 and its
subgroups to act on X;,; as well. Note that the action commutes with 7.

2.2. Linking dynamics to GLC. The following observation is useful in connection with
GLC: Vy € Yy
ir;é% |nN(ny)| = inf {|N(w)| : w € 7, w41 # 0} . (2.2)

Note the multiple use of the symbol N in the above equation. On the left hand side N
refers to a function on Y, while on the right hand side, to a function on R4*!.
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Proposition 2.1 (Inheritance).

(1) If y,yo € Yq are such that 7,, € Agi17,, then if yo is Littlewood then so is y.
(2) If v, xg € Xy are such that xo € Aqz, then if xy is grid-Littlewood then so is x.

Proof. The proof of (1) follows from (2.2). The proof (2) follows from (1) and the com-
pactness of the fibers of . O

As done in [EKL] we link GLC to the dynamics of the following cone in Ay, ;:
AY = {diag(e" .. .)€ Agyy i t; > 0,i=1...d}. (2.3)

Lemma 2.2. Fory €Yy, if AL_ITy is unbounded (i.e has a noncompact closure), then y
15 Littlewood.

Proof. Recall Mahler’s compactness criterion that says that a set C' C X4, is bounded,
if and only if there is a uniform positive lower bound on the lengths of non zero vectors
belonging to points of C'. Let us fix the supremum norm on R? and R*!. Let y € Yj.
Assume that in the orbit A7, 7, there are lattices with arbitrarily short vectors. Given
0 < e < 1, there exists a € ALI and w € 7, such that the vector aw is of length less than
€. In particular N(aw) = N(w) < e. We will be through by once we justify that
wgy1 7 0. Assume wgy1 = 0. It follows that the length of aw is greater than that of w, as
A7, expands the first d coordinates. On the other hand, the vector v’ = (w; ... wy)" € R?
(which has the same length as w) belongs to the lattice 7(y). Let ¢ denote the length of
the shortest nonzero vector in m(y). We obtain a contradiction once € < /. O

Proof of proposition[1.14 Given a grid y € Yy, if AjHTy is unbounded then by lemma
we know that y is Littlewood. Assume that ALlTy C K for some compact K C Xg,1.
Choose any one parameter semigroup {a¢},, in the cone A7, | and let z be a limit point
of the trajectory {a;7, : t > 0} in K. We claim that z has a bounded Ay, orbit. To see
this note that for any a € Ay,1 we have that for large enough t’s, aa; is in the cone A:{H,
thus az € K. Assuming conjecture [I.1T} we obtain that z has a compact Agy; orbit. As 7,
contains vectors of the form (x, ..., *,0)" which can be made as short as we wish under the
action of A4y, we see that the orbit Agy17, is unbounded in X4, by Mahler’s compactness
criterion. It follows that z ¢ A4417, and hence z € Ay17,\ Ags17,. Theorem 1.3 from |[LW]
states that any orbit closure of Ay, in X4,1 which strictly contains a compact Ay orbit,
is homogeneous. More precisely, there exists a closed group H < G441, strictly containing
Agy1such that Agy17, = Hz. Such a group H must contain a group of the form {u;;(t)},
for some 1 <i # j < d+ 1, where w;;(t), is the unipotent matrix all of whose entries are
zero but the diagonal entries which are equal to 1 and the ij’th entry that is equal to ¢.
It is easy to see that for any e > 0 there exist some ¢ such that w;;(t)z contains a vector
v with N(v) € (e,2€). Since u;;(t)z € Agp17,, we deduce that 7, contains a vector w with
N(w) € (e,2¢). We deduce that wgi; # 0 and as € was arbitrary, implies that y is
Littlewood as desired.

O
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2.3. Dimension and entropy. Let us recall the notions of upper box dimension and
topological entropy. Let (X, d) be a compact metric space. For any ¢ > 0 we denote by
S, = S.(X) the maximum cardinality of a set of points in X with the property that the
distance between any pair of distinct points in it is greater or equal to € (such a set is
called € — separated). We define the upper box dimension of X to be

log S,
dimy,, X = lim sup o8 )
e—0 | log €|

Since this is the only notion of dimension we will discuss, we shall denote it by dim X. If
we denote by N, = N (X) the minimum cardinality of a cover of X by sets of diameter
less than e, then we also have that dim X = limsup,_,, lﬁié\[&“ Note that if f: X — Y is
a bi-Lipschitz map, then A C X is of zero dimension if and only if f(A) C Y is.

If we have a continuous map a : X — X, then for ¢ > 0,n € N we denote by S, =
Sn.e(X, a) the maximum cardinality of a set S C X with the property that for any pair
of distinct points x,y € S there exist some 0 < i < n with d(a’z, a’y) > € (such a set is
called (n, €) — separated for a). The topological entropy of a is defined to be

log Spe
hiop(a) = 11_{% lim sup Ogn -

2.4. Metric conventions and a technical lemma. For a metric space (X, d) we denote
by BX(p), the closed ball of radius € around p. If X is a group BX = BX(p) where p is
the trivial element (zero or one according to the structure). Given Lie groups G, H... we
denote their Lie algebras by the corresponding lower case Gothic letters g, f... Let G be a
Lie group. We choose a right invariant metric d(-,-) on it, coming from a right invariant
Riemannian metric. Let I' < G be a lattice in G. We denote the projection from G to
the quotient X = G/I', by g — g. We define the following metric on X (also denoted by

d(-,-))

d(g,h) = inf d(gm, hy2) = inf d(g, hv). (2.4)

Under these metrics, for any compact set K C X there exist an isometry radius ¢(K),
i.e. a positive number € such that for any x € K, the map g — gx is an isometry between
BY and BX(x). Given a decomposition of g = @®!V;, the map v — expuv;...expuy;
(where v = > v; and v; € V;) has the identity map as its derivative at zero. It follows
that it is bi-Lipschitz on a ball of small enough radius around zero. We refer to such a
map as a decomposition chart and to the corresponding radius as a bi-Lipschitz radius.
When taking into account the above, we get that given a compact set K C X and a
decomposition g = @ V;, we can speak of a bi-Lipschitz radius §(K), for K with respect
to this decomposition chart, i.e. we choose § = §(K) to be small enough so that the image
of Bf under the decomposition chart will be contained in the ball of radius e(K) around
the identity element. Note that under these conventions a bi-Lipschitz radius for K with
respect to a decomposition chart is always an isometry radius.

Let G be semisimple and R-split (for our purpose it will be enough to consider G =
SL4(R)). Let A < G be a maximal R-split torus in G (for example the group of diagonal
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matrices in SLy(R)). We fix on g a supremum norm with respect to a basis of g whose
elements belong to one dimensional common eigenspaces of the adjoint action of A. For
an element a € A we denote by U*(a),u*(a), the stable and unstable horospherical
subgroups and Lie algebras associated with a. That is

Ua) = {9 € G a~"ga" —po €}, U~ () = U*(a™),

ut(a) ={X € g: Ad"(X) —n—700 0} .
We denote by u’(a) the Lie algebra of the centralizer of a, that is {X € g: Ad,(X) = X}.
Note that from the semisimplicity of a, it follows that g = u™(a) ® u°(a) ® u(a). When
a fixed element a € A is given, we denote for X € g, its components in u™,u~,u’, by
X+, X7, X0 respectively.

We shall need the following lemma, the reader is advised to skip it for the time being

and return to it after seeing it in use in the next section:

Lemma 2.3. For a fized element e # a € A there exist A > 1 and d, M,c > 0 such that
for any X;,Y; € B i = 1,2 with X; € u™(a) and ||Y; — Ya|| < W, if for an integer
k, forany 0 < j <k
d(a’ exp X1 exp Yy, a’ exp XoexpYs) < §
then for any 0 < j <k
d(a? exp X, exp Y1, a’ exp Xoexp Ya) > eN||X; — Xol|.

Proof. Let n > 0 be a bi-Lipschitz radius for the decomposition charts exp and ¢, cor-
responding respectively to the trivial decomposition and the decomposition g = u™(a) ®
u(a) ®u(a) ie. ¢ : Bf — G is the map p(v) = expvtexpr’expv™. Let 0 < &y <7
satisfy

VX, Y;€ B ,i=1,2, expX;expYiexp—Yoexp—X, € o(By). (2.5)
We can define u : (B§1)4 — Bf by

VX;, Y€ B i=1,2 u(X;,Yi) = ¢ ! (exp XiexpViexp —Yoexp —Xz).
When X,;,Y; € Bfl,z' = 1,2 are fixed, we simplify our notation and write instead of
w(X;, V), ut (X, Y:), u’(X;,Y:), just u,u®,u®. Thus we have the identity: VX, Y; €
BY,i=1,2
o(u) = exput expu’expu” = exp X; exp Y] exp —Y; exp — Xo. (2.6)

Let us formulate two claims that we will use:

Claim 1: There exist 0 < 09 < d; and 0 < M, ¢, such that
[1X7 — Xof|
M
we have |[u™|| > || X7 — X3|. (2.7)

VX, Y; € BY,i=1,2, with X; e u™, ||Y] = Y|| <

Claim 2: There exist 0 < 03 < g, such that if v € Bf and k € N are such that
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V0 <j <k, d(p(Adi(v)),e) < d3, then V0 < j < k, Ad’(v) € By.

Let us describe how to conclude the lemma from these claims: Let A be the minimum
amongst the absolute values of the eigenvalues of Ad, that are greater than 1. Choose
0 = 03 as in claim 2, M > 0 as in clatm 1 and ¢ = ¢ - ¢o, where ¢ is as in claim 1 and
cy satisfies d(p(v1), p(v2)) > eaf|vr — vp| for any vi,v, € Bf. Note that because of the
choice of the norm on g , for v € g one has for any integer j

|A, ()| = || A&, (v") + Ad,(°) + Ads (v7)|| > [JAd, (vT)]] > N |[v™]]. (2.8)
Let X;,Y; and k£ € N be as in the statement of the lemma. For any 0 < j < k we have:

§ > d(a’exp XjexpY,a’exp XoexpYs)
d(aJeXleeXleeXp Yy exp —Xoa77 €)
= d(dp(u(X;,Yi))a™ e)
d(p(Ad)(u)),e) | |
> o||[Ad(W)]] = N |[[ut]] > ceN||Xi — Xof| = eN|[X: — Xs|.

We used the right invariance of the metric in the first equality, the fact that 6 < ¢; in the
second and the relation ap(-)a™! = ¢(Ad,(+)) in the third. In the last row of inequalities
we used claim 2 and the choice of ¢y in the first inequality, in the second and claim
1 in the third. We now turn to the proofs of the above claims.

Notation 2.4. If two positive numbers o, 3, satisfy ra < 8 < %oz, for some r > 0, we
denote it by a ~,. 3.

Proof of Claim 1. We use the notation of lemma 2.3 Let 0 < p < 41 be such that
the map (vy,v2) — exp vy exp —vy, takes (Bg) into exp BJ. Since 1 was chosen to be a

bi-Lipschitz radius for the map exp, there is a smooth function w : (Bpg)2 — BJ which
satisfies the relation

Vo, va € B, expw(vi,vz) = exp vy exp —uvy.

Note that if vy, vy € ut, then w(vy,ve) € B;]ﬁ. Let X;,Y; € Bj,i = 1,2. The expressions
in (2.6) are equal to

exp w(Xy, Xo) exp Adexp x,w(Y1, Y2). (2.9)
Let us sketch the line of proof we shall pursue: We show that w(vy, ve) ~, ||vy — vs]|, for
some r > 0. We choose the constants carefully in such a way that given X;,Y; as in the

statement of the claim, then there exist a v € g of length less than half of ||X; — X5||,
with ¢(v) = exp Adexp x,w(Y1, Y2). It then follows from (2.9) that

expu’ = expw (X, Xo) expvt = expw (w(Xy, Xo), —v') .
It then follows that (ignoring constants that will appear)

|| X1 — Xo|

[l I = [lw(Xy, Xo) + 0[] > [|Xy = Xof| = [[o7]] > T
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Let us turn now to the rigorous argument. The fact that 7 is a bi-Lipschitz radius for exp
implies the existence of a constant r > 0, such that Vv, v € B}

[|v1 — val| ~, d(exp vy, expvy) = d(exp vy exp —vg, €) ~, ||w(vy, va)]|

= [|v1 — va| ~p2 [Jw(vg, va)]]. (2.10)
Let My bound from above the operator norm of Adeyp,, as v ranges over BS. In (2.9)), we
have

M,
| Adg 0. Y2) || < Ml (35, Y2l < 2215 v (211)
Let 0 < 02 < p be such that 2% < p. This implies by (2.10), that Yvy, v, € By, [|w(vi, va)|| <

p. There exist some 0 < p' < 7 such that exp(B5,) C ¢(B). Note that from the fact that

exp is bi-Lipschitz on BY and ¢~ is bi-Lipschitz on exp (Bﬁ,), it follows that there exist
a constant 7 such that

Yw € By, [[w]| ~ |le™" (exp(w)) |- (2.12)

Let M = max{zi%i\fo, 27%0} - It follows from (2.11)), that if X;,Y; € Bj ,i = 1,2 are such

that X; € ut and ||V; — Va|| < X122l then
Mo|[X1 — Xo||

| Aduy (1, V)l | < 2L (2.13)
and by our choice of M
[ Aduey (Y2, Vo) || < . (2.14)
By the choice of p', there exist some v € Bf satisfying
©(v) = exp Adexp x,w(Y1, Y2). (2.15)
Note that by (2.12) with w = Adexp x,w(Y1,Y2), by (2.13)), and by the choice of M
Mol X1 — Xo|| _ 7| X1 — Xo|
ol ~r llAdesy 0, ¥a)l| = [ < ZUZL Rl TR 2l g 4
The expressions in (2.6) and in (2.9)) are equal to
exput expu’expu” = expw(Xy, Xy)expvtexpov’expv. (2.17)

As remarked above, the fact that X; € u™ implies that w(X7, X5) € u™. From our choice
of p and the fact that v, w(X;, X3) € B;‘+, it follows that w (w(X7y, Xs), —v*) € ut is
defined and satisfies:

expw (X, Xa) expv’ = expw (w(Xi, Xz), —v'). (2.18)

Bhecause w(-,-) takes values in Bf, and ¢ is injective on B, it follows from (2.17), (2.18)),
that
ut =w (w(Xy, Xs), —vh) .
Because of (2.10]) and (2.16))
|| = JJw (w(X1, Xa), —vF) | > r?|[w(X5, Xa) + 07|
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7A ,r.4
> 7 ([lo(Xa, Xo)ll = [[o™]]) = 7| X0 = Xl = 11X = Xol| = Z[[X1 — Xa|.

Thus claim 1 follows with the above choices of 9, and M and with ¢; = iy

2
Proof of Claim 2. Let M; = ||Ad,]||. Let 0 < d3 < &9 satisfy

G g
Bs, Co (Bﬁ) : (2.19)
Let v € Bf and k € N satisfy the assumptions of claim 2. Assume by way of contradiction
that there exist some 0 < j < k such that Ad}(v) € Bf but Ad}*'(v) ¢ BS. We conclude
that

n < Mi||Adj(v)|| = Ad)(v) ¢ BY, .

This contradicts the assumption that ¢ (Adj(v)) € B, and (2.19) because ¢ is injective
on B2 O
i

3. THE SET OF EXCEPTIONS TO GLC

In this section we prove theorem and its corollaries. We go along the lines of §4
in [EK] and the fundamental ideas appearing in [EKL]. The main hidden tool is the mea-
sure classification theorem in [EKL]. What prevents us from citing known results is the
fact that in the embedding 7 : Yy < X411 (2.1)), the grids which are not Littlewood and
thus have bounded A}, orbit, do not lie (locally) on single unstable leaves of elements
in the cone, but lie on products of unstable leaves (see lemmas , .

Beginning of proof of theorem[1.4] Let M; be an increasing sequence of compact sets in
Xgi1 such that X4,y = U;M;. Denote F; = {y eYy: A:{HTy - MZ} Lemma implies
that the set of exceptions to GLC satisfies

£ C UF,. (3.1)

F; is a compact subset of Y;. We shall prove that dim F; < d — 1 and conclude the proof
of the theorem. Denote L; = 7(F;). As 7 is, locally, a bi-Lipschitz map, it will be enough
to prove dim L; < d—1. As L; C 7(Yy), we wish to describe local neighborhoods in 7(Y;)
in a convenient way. To do this we take 2 C A, to be a compact symmetric neighborhood
of the identity and we denote

(/0 ... 0 )
. 0 = . %
* : o ' .
Vi= o € gdt1 0, Vo= S * €garp- (32
O 0o ... 0
\ 0 ... 0O O )

Given d > 0 and x € 7(Yy) C Xy41, the set Qexp By exp By 2z is a compact neighborhood
of x in 7(Yy). As L; is compact, we can cover it by finitely many sets of the form
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L; N Qexp Bg/l exp B;/Qm (for a suitable choice of points z € L;). Now it is clear that for
any x € L;, the intersection L; N 2 exp Bg/l exp B;/Qx, is contained in

Q- (exp Bjtexp B?x N {z € Xgp1 1 AL 2 C QM;}). (3.3)
Thus, the theorem will follow once we prove that
dim (exp Bg/l exp B;/Q:c N {z € Xgy1: A:{Hz C QMZ}) =0, (3.4)

as (2 is of dimension d — 1. This is the content of corollary bellow. In order to prove
this corollary, we need to prove two lemmas. We will return and conclude the proof of

theorem [I.4] after proving corollary [3.3]

The following two lemmas furnish the link between dimension and entropy in our dis-
cussion. Lemma [3.1]is essentially lemma 4.2 from [EK]. For the reader’s convenience and
the completeness of our presentation, we include the proof in the appendix. Lemma |3.2
is one of the new ingredients appearing in this paper. For convenience we shall use the
following notation: Given a semigroup C' C A1 and a compact set K C X441 we denote

KC:{.’EGXd_H CZ’CK} (35)
Note that K¢ is a compact (possibly empty) C-invariant set.

Lemma 3.1. Let C' C Agyq be a semigroup, a € C' and K C X411 a compact set. If for
some d >0 and x € K .
dim (exp <B:; (a)) -x N KC> >0

then a acts with positive topological entropy on K¢.
For the proof of theorem [1.4] we shall need the following generalization of lemma [3.1}

Lemma 3.2. Let Cy C Cy C Agyq be semigroups, a; € Ci,v = 1,2, and K C X411 a
compact set. Assume that there exists subspaces Vi of ut(a;) such that for any b € Cy,
Vi Cu(b). Then, there exists 6 > 0, such that if for some v € K

dim (exp Bg/l exp BXQ AN Kcl) > 0,

then either a, acts with positive topological entropy on Kc,, or there exists a compact set
K D K, such that ay acts with positive topological entropy on K¢, .

The following corollary goes along the lines of Proposition 4.1 from [EK].

Corollary 3.3. Let Cy C C) C Agyq be open cones, a; € C;i = 1,2, and K C X441 a
compact set. Assume that there exists subspaces Vi of ut(a;) such that for any b € Cy,
Vi Cu=(b). Then, there exists 6 > 0, such that for any x € K

dim (exp By exp By* - v N K¢, ) = 0. (3.6)

Proof. In the proof of Proposition 4.1 from [EK], it is shown that there cannot be an open
cone C' C Ayyq that acts on a compact invariant subset of X,,; such that some element
in C' acts with positive topological entropy. Taking § to be as in lemma [3.2], we see that
positivity of the dimension in leads to a contradiction. 0
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Remark: The highly non trivial part of the proof of theorem is hidden in the proof
of corollary [3.3] This is the use of the measure classification from [EKL].

Concluding the proof of theorem[1.4. In order to conclude the proof of the theorem we
use corollary with the following choices of K,C;,V; and a;, i = 1,2 to fit our needs

in (3.4): We take V4, V5 to be as in (3.2) and
Ci=Ar,, a=dag(2,...,d+1,1/(d+1)), ay=diag(d+1,...,2,1/(d+1)!).

Note that Vo = u(az)™. Moreover, V; C u~ (as), thus we can choose Cy to be an open
cone containing as and contained in Cf, such that for any b € Cy, V) C u™(b). Finally we
take K = QM,;. O

Proof of lemmal[3.4 Note that from the fact that V3 C u™(az) it follows that the sum
Vi 4+ V4 is direct. Let V3 be any subspace of g4.1 such that gg.1 = V3 @& Vo @ V5. Choose
0 = §(K) to be a bi-Lipschitz radius for K with respect to the above decomposition (see
88 for notation). Assume also that § satisfies the conclusion of lemma with a = a;.

For the sake of brevity we denote B; = Bg/". Assume z € K satisfies
dim (exp By exp Box N K¢,) > 0. (3.7)

Since ¢ is a bi-Lipschitz radius for K (with respect to the decomposition Vi &V, HV3), (3.7))
implies that the dimension of

F=F0)={(X,Y)e B xBy:expXexpYz € K¢, }

is positive. From the choice of the norm on g4, (see §§ and from the assumption that
for any b € Cy, V1 C u™(b), it follows that for any X € V3, ||Ady(X)|| < [|X||. Choose a
compact set K O exp(By*™') K. Denote by 7y the projection from By x By to By. There
are two cases: .

Case 1: Assume dimmy(F') > 0. We claim that exp (m(F))z C K¢,. To see this, note
that if Y € my(F') then there exists some X € B; such that exp X exp Yz € K¢, and so
for any b € Cy we have

bexpYx = exp Ady(—X)bexp X exp Yz € exp(B;*™)K C K.

Now exp (mo(F)) 2 C exp By - 2N K¢, and therefore, positivity of the dimension of my(F),
implies the positivity of the dimension of exp By - x N f(CQ. We apply lemma and
conclude that as acts with positive topological entropy on K, Cs-

Case 2: Assume dimmy(F') = 0 and let us denote dim F' = 3p with p > 0. We will show
that a; acts with positive topological entropy on K¢,. Recall the notation of lemma [2.3
(applied to ay). We shall find for arbitrarily large integers n, finite sets .S,, C F' with the
following properties:

e For any pair of distinct points (X;,Y;) € Sp,i=1,2

—n

A
[1X1 = Xaf[ > A7 [V = Y3 <

—. (3.8)

o |S,| > M,
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Given two distinct points in S,, (X;,Y;),7 = 1,2, let us analyze the rate at which
exp X; exp Y;x drift apart from each other under the action of powers of a;. For any
J > 0 we have that af exp X; exp Yz € K by the definition of F, and so, if the distance
between these two points is less than ¢ (which is also an isometry radius for K), we have

d(@{ exp X; exp Yiz, q{ exp Xpexp Yor) =
d(af exp Xy exp Y1, af exp Xpexp Ys).

By lemma , for any k such that for all 0 < j < k, the expressions in (3.9) are smaller
than ¢, we have

d(al exp X exp Yiz, al exp Xy exp Yy) > eAF||X) — Xo|| > eAF .

(3.9)

In particular, if we set ¢y = min{c, ¢} then we must have some 0 < j < n for which
d(a{ exp X; exp Yi@, CL{ exp Xy exp Yax) > €.

This means that {exp XexpYz: (X,Y) € 5,} is an (n, €)-separated set for (K¢,,a1).
From here, it is easy to derive the positivity of the entropy by the bound we have on the
size of S,:

1 1
hiop(Kcy, a1) > limsup —log |S,,| > lim — log(M ~?\") = plog A > 0.
n non

To build the sets S, with the above properties, for arbitrarily large n’s, we argue as
follows: By definition of the dimension one can find a sequence ¢, \, 0 such that

Se.(F) > (1/e)*.
Choose nj /" oo such that A= < ¢, < A1 Tt follows that

Sy (F) > S, (F) > \2r=2p, (3.10)
On the other hand, because we assume dim 7o(F') = 0, for any large enough n
log(Ws. (ms(F))
gy P
Hence
N%(WQ(F)) < A" MP. (3.11)

Denote Ny = N, —n, (mo(F)) and let Efk),i = 1... Ny be a covering of my(F') by subsets

M
of By of diameter less than 2—*. Since N, < A"™*MP", by (3.10) and the pigeon hole
principle, there must exist some 1 < 4 < N with
Sy (3 (EXY N F) > X+, (3.12)

1k

Define S, to be a maximal A\™"*-separated set in ng(Eff)) N F. By construction, .S,

has the desired properties. O
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Proof of corollary[1.5 The projection 7 : Y; — X, cannot increase dimension and there-
for m(&,), the set of lattices which are not grid-Littlewood is a countable union of sets of
upper box dimension < d — 1.

Denote by p : X4 x RY — Y the map p(z,v) = x + v. It is bi-Lipschitz with a countable
fiber and so if we denote by py : X; x R? — R? the natural projection, then py(p~1(&y)),
the set of vectors which are not grid-Littlewood, is a countable union of sets of upper box
dimension < d — 1. O

Proof of corollary[1.6 Assume by way of contradiction that there exist z € X, with
dim (7~ (z) N &) > 0.
It follows that if 2 C Ay is a compact neighborhood of the identity, then
Q (7‘(‘71(:(3) N (C:d) ,

has dimension greater than dim A; = d — 1. A contradiction to theorem O
Proof of corollary[1.7, Positivity of the dimension of a subset L C X, transverse to the Ay
orbits, means that A;L contains a compact set of dimension greater then dim A; = d — 1.
By theorem [1.4] such a set must contain a grid-Littlewood lattice. If the dimension of the

Ay orbit closure of a lattice x € X, is greater then d—1, then it contains a grid-Littlewood
lattice. It now follows from proposition 2.1} that x is grid-Littlewood. O

Remark: The proof of theorem [1.4] gives a bit more than what is stated in its statement.
It shows that the set

{y €Yy: A:{HTy is bounded}
is a countable union of compact sets of upper box dimension < d — 1. The corollaries of
theorem have corresponding versions as well.

4. PROOF OF THEOREMS [I.8], [T.10]

Proof of theorem[1.8. Tt follows from corollary [I.7] and the remark at the end of §3] that
there exists o € J such that the lattice x, spanned by the vectors (1,0)%, (o, 1)" in the
plane, is grid-Littlewood and moreover that for any grid y € 7—'(z) one has that A3,
is unbounded in X3. We now untie the definitions and translate this information to
Diophantine information on «.

Given any vector v = (3,7)" € R?, if we denote y = z+wv, the fact that A3 7, is unbounded
is equivalent (in light of Mahlerl’s compactness criterion), to the existence of a sequence
a; € A going to infinity (i.e. leaving any compact subset) and a sequence of vectors
0 # w; € 7, such that a;w; — 0 in R?. Denote

a; = diag(e', ¥, e=ET)Y:aw; = (ki + lioe + 05, 0 + niy, )t € R,
where k;, ¢;,n; € 7Z, not all equal to zero for each 7. Then
max {e" |k; + G + n; B 5 €% |6 + niy | ;e (titsi) Ini|} — 0. (4.1)
As, t;,s; > 0, it follows from , first that ¢; = (n;7)* and than that
max {(ny7); ((ni7) e +niB)} — 0. (4.2)
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Now, taking the product of the three quantities in (4.1)) we get
[ni| (Riy)((niv) e + nif3) — 0. (4.3)

We are left to justify why we can choose the n;’s so that |n;| — oo. Note that if v is
rational and 1, «, § are linearly dependent over QQ, then the statement of the theorem is
clear. Assume that |n;| is bounded. We might as well assume its constant. Then /¢; is
constant too and moreover n;y = —/;, so ~ is rational. It then follows from that
1, a, B are linearly dependent over Q which concludes the proof. O

Proof of theorem [1.10. From corollary we get that any set in the plane which is of
dimension > 1 must contain a grid-Littlewood vector v = (3,7)". Moreover by the remark
at the end of §3| we may assume that for any lattice z € Xy, if we denote y = z +v € Y,
then A3 7, is unbounded in X3. Given o € R, we apply this to the lattice spanned by

(1,0)%, (a, 1)* and continue as in the proof of theorem [1.8 above. O

5. LATTICES THAT SATISFY GLC

In this section we shall explicitly build grid-Littlewood lattices in RY for d > 3. In fact
these lattices will possess a much stronger property, namely:

Definition 5.1. A grid y € Y} is Littlewood of finite type if there exists a non zero integer
n such that N(ny) = 0. A lattice v € X4 is grid-Littlewood of finite type if any y € 7 (z)
is Littlewood of finite type.

Definition 5.2. A grid y € Yy is rational if y is an element of finite order in the group
7 H(r(y)) = RY/m(y).
The following list of observations is left to be verified by the reader.

Proposition 5.3. (1) The set of Littlewood of finite type grids is Aq invariant.

(2) If y,yo € Ya, yo € Aqy and yq is Littlewood of finite type then y is Littlewood of
finite type too.

(3) If x,m0 € Xq, 10 € Agx and xq is grid-Littlewood of finite type then x is grid-
Littlewood of finite type too.

(4) Any rational grid is Littlewood of finite type.

(5) If ©1 € Xy, is grid-Littlewood of finite type and xo € Xg4, is any lattice, then
1 B xo € Xy, 14, 15 grid-Littlewood of finite type.

(6) If x1, 29 € X4 are such that x; is grid-Littlewood of finite type and there exist some
¢ > 0 such that cxy is commensurable with xo then x4 is grid-Littlewood of finite
type.

(7) The standard lattice Z% is not grid-Littlewood of finite type. In fact, for any vector
v € R, all of whose coordinates are irrationals we have that Z%+v is not Littlewood

of finite type.

For z € X, denote by A, its stabilizer in A4. Note that Ay, acts on the torus 7! (z)
as a group of automorphisms. From (2) and (4) of proposition , we deduce the following
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Lemma 5.4. If for any grid y € 7 (), Ag.y C 7 (x) contains an Littlewood of finite
type grid then x is grid-Littlewood of finite type. In particular, if for any grid y € 7~ 1(x),
Aazy contains a rational grid then x is grid-Littlewood of finite type.

Recall that a group of automorphisms of a torus 7 '(z) (z € X;) is called ID, if any
infinite invariant set is dense. The following is a weak version of theorem 2.1 from [B]:

Theorem 5.5 (Theorem 2.1 [B]). If the stabilizer Aq. of a lattice v € X4 under the
action of Aq satisfies
(1) There exist some a € Aqy such that for any n the characteristic polynomial of a™
(which is necessarily over Q) is irreducible.
(2) For each 1 < i < d there exist a = diag(a; ...aq) € Ag, with a; # 1.
(3) There exists ay,ay € Ag, which are multiplicatively independent (that is afay' =
l1=k=m=0).
then Agy is ID.

We now turn to the construction of a family of grid-Littlewood of finite type lattices.
Let K be a totally real number field of degree d over Q. The ring of integers of K will be
denoted by Ok.

Definition 5.6. (1) A lattice in K is the Z-span of a basis of K over Q.
(2) If A is a lattice in K then its associated order is defined as On = {x € K : xA C A}.

It can be easily verified that for any lattice A in K, O, is a ring. Moreover, the units
in this ring are exactly Oy = {w € K : wA = A}. Dirichlet’s unit theorem states the
following

Theorem 5.7 (Dirichlet’s unit theorem). For any lattice A in K, the group of units O}
is isomorphic to {+1} x Z471.

Let o1...04 be an ordering of the different embeddings of K into the reals. Define
¢ : K — R? to be the map whose i’th coordinate is o;. If we endow R? with the structure
of an algebra (multiplication defined coordinatewise), then ¢ becomes a homomorphism
of Q algebras (here we think of the fields Q, R as embedded diagonally in R%). It is well
known that if A is a lattice in K, then p(A) is a lattice in R%. Let us denote by x the
point in Xy obtained by normalizing the covolume of p(A) to be 1. We refer to such a
lattice as a lattice coming from a number field. Because ¢ is a homomorphism

p(03) C{ae R axpy =xz,}.

We can identify the linear map obtained by left multiplication by a € R? on R? with the
usual action of the diagonal matrix whose entries on the diagonal are the coordinates of
a. We abuse notation and denote the corresponding matrix by the same symbol. After
recalling that the product of all the different embeddings of a unit in an order equals +1
we get that in fact ¢(O}) is a subgroup of the stabilizer of x, in the group of diagonal
matrices of determinant +1 (in fact there is equality here but we will not use it). To
get back into SLq we replace O} by the subgroup Oj , of totally positive units (that is
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units, all of whose embeddings are positive). It is a subgroup of finite index in O}. We
conclude that ¢ will map O} | into Ay, (using our identification of vectors and diagonal
matrices).

Lemma 5.8. If ) € X, is a lattice coming from a totally real number field K of degree
d >3, then Ay, is an ID group of automorphisms of 7' (xy).

Proof. 1t is enough to check that conditions (1),(2),(3) from theorem are satisfied.
Condition (2) is trivial. Condition (3) is a consequence of Dirichlet’s units theorem and
the assumption d > 3. To verify condition (1) we argue as follows: We will show that
there exist a € O such that for any n, o” generates K (this is enough because O} | is
of finite index in O}). Let F} ... Fy be a list of all the subfields of K. If we denote for a
subset B C K

VB = {z € K : 3n such that z" € B}

then we need to show that

o \ Ui /05 # 0. (5.1)
Fix a proper subfield F' of K. Note that the following is an inclusion of groups O} C
\/O_}‘; C O}. Thus, Dirichlet’s units theorem will imply once we prove that O} is
of finite index in /Of. We shall give a bound on the order of elements in the quotient

\/O_} /O3 thus showing that the groups are of the same rank. It is enough to show that
there exist some integer ng such that if x € K satisfies ™ € F' for some n then z™ € F.
Let x € K be such an element. Denote by o ... 0, the different embeddings of F' into the
reals and for any 1 < i < r, denote by o;;,j = 1...s the different extensions of o; to an
embedding of K into the reals. Thus d = rs and o;; are all the different embeddings of K

into the reals. Note that ™ € F if and only if for any 1 < i <7 g;1(2™) = -+ = g55(2™)
i.e. if and only if (?i—g)” =1 for all 7,7, k. But since there is a bound on the order of
roots of unity in K we are done. O

We are now in position to prove

Theorem 5.9. Any lattice coming from a totally real number field of degree d > 3 is
grid-Littlewood of finite type.

Proof. Let xp € Xy be a lattice coming from a totally real number field of degree d > 3.
Using lemma [5.8] and lemma [5.4] we see that the theorem will follow if we will show
that any finite A, ,, invariant set in 7 '(x,) contain only rational grids. Assume that
y € m ' (x4) lies in a finite invariant set. It follows that there exist e # a € (O} ) with

ay =v. (5.2)
Write 5y = cp(A), y = zp + v and a = p(w). Then from (5.2)) it follows that there exist
0 € A such that in the algebra RY

v(p(w) —1) = cp(f) = v = cp(fw — 1)7).
Since K is spanned over Q by A we see that v is in the Q span of cp(A) = x, and hence
y is a rational grid as desired. 0
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As a corollary of the ergodicity of the Ay action on X, and proposition (3), we get
the following (we refer the reader to [Sh| for a stronger result).

Corollary 5.10. Almost any x € X, is grid-Littlewood of finite type for d > 3.
The following result appears for example in [LW]:

Theorem 5.11. The compact orbits for Ay in X4 are exactly the orbits of lattices coming
from totally real number fields of degree d.

This gives us the following corollary, which can be derived from proposition (3),
combined with theorem [5.9] We state it separately because of its interesting resemblance
to theorem 1.3 from [LW].

Corollary 5.12. For x € X, (d > 3), if Aqx contains a compact Ay orbit, then x is
grid-Littlewood of finite type.

The reader is referred to the paper [Sh] where a significant strengthening of this corollary
is established. Let us end this paper with two open problems which emerge from our
discussion.

Problem 5.13. Give an explicit example of a Littlewood lattice in dimension 2. In
particular, prove that any lattice with a compact As orbit, is Littlewood.

Problem 5.14. Does there exists two dimensional grid-Littlewood of finite type lattices?

6. APPENDIX

Proof of lemma 3.1l Let the notation be as in lemma [3.1] The statement of lemma [2.3
simplifies when one chooses the Y;’s to be zero in the original statement:
Lemma [2.3] simplified version: For a fized element e # a € Aq1 there exist A > 1

and n,c > 0 such that for any X; € B7L7l+(a),i = 1,2, if for an integer k, for any 0 < j <k
d(a’ exp X1, a’ exp Xs) < 1
then for any 0 < j <k
d(a exp X1, a’ exp Xy) > eN|| X1 — Xoll.

We apply this lemma for the element a € A,,; appearing in the statement of lemma [3.1]
Let 0 < ¢ < max {n,d} be a bi-Lipschitz radius for K, with respect to the chart exp (see

68 for notation). Cover the compact set exp B§+(a)x N K¢ by finitely many sets of
the form exp B;ﬂa)yi N K¢, for a suitable choice of points y; € K¢. By assumption there
exists an ¢ such that dim <exp Bg(a)yi N KC> > 0. Because ¢’ is a bi-Lipschitz radius, we
have that the dimension of

F=F(@{) = {X € Bg‘,ﬂa) cexp Xy; € KC} (6.1)
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is positive. Denote it by 2p. By definition of dimension this means that there exists a
sequence €, \, 0, and ¢, — separated sets S, C F, such that |Sg| > €.”. Let n, /" o0
be a sequence such that A= < ¢, < A" Let X, Xy, € S, be two distinct points.
Because ¢’ is also an isometry radius for K, if ¢ is an integer such that V0 < j < /,
d(a’ exp X1y;, @ exp Xoy;) < &, then the simplified version of lemma , stated above
implies that VO < 57 </
& > d(a? exp X1y, @’ exp Xoy;)

= d (a’ exp X1, a’ exp X3) (6.2)

> cN|| Xy — Xaf| > eNMeg > eI,
This means that if €g = min {¢’, ¢}, then {exp Xy, : X € Si}, is an (ey, ng) — separating
set for the action of @ on K. We conclude that

1 —pl
hiop(Kc, @) > lim — log | S| > lim —P-28 ¢ > plog A > 0.
k N k k
Thus we achieve the desired conclusion. O
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